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SOMCARY

Calculations were made to determine the influence of changes in
tempsrature distribution and in elastic meterial propsrties on cal-
culated elastlc stresses for a tyniecal gas-turbine disk.

Severe temperature gradients caused thermal stresses of suffil-
clent magnitude to reduce the operating safety of the disk. Small
temperature gradients were found %o be desirable because they ylelded
thermal stresses that subtracted from the centrifugal stresses in the
reglon of the rim., The thermal gradients produced a tendency for &
severe stress conditlon to exist near the rim but this stress condi-
tion could be shifted away from the region of bucket attachment by
altering the temperature distribution.

The Investigation of slastic material properties showed that
centrifugal stresses are slightly affected by changes in modunlus of
elasticity, but that thermal stresses are approximately proportional
to modulus of elasticlty and to coefficlent of thermal expansion.
Where thermal stresses are lmportant, it would be cesirable to use
materials with low modull of elasticity and low coefficients of
expansion. Design calculations for disks to be operated at elevated
témperatures would require accurate data on the values of these
properties at all temperatures encountered in order that accurate
calculations could be made. Centrifugal tangential stresses at the
rim were decreassed by lncreases in Polsson's ratio but the effect of
changes In Poisson's ratio on the total stresses was small. Flevated-
temperature measurements of Poisson's ratlo would not, therefore, be
essentlal for disk-stress calculations.

INTRODUCTTION

Gas~turbine disks are normelly operated at such high temperatures
that the materials used are at a low-strength level. The hot gases
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contact the blades and the rim of the turbine rotor and thus maintain
the rim at a high temperature. Various ccoling methods have been used
bo reduce the temperature of the disk, but because the rim is always
in contact with hot gases, it remains at the high temperature whereas
cooling decresases the temperature of the central portion of the rotor
and thus increases the temperature gradients. These gradienls are
sources of thermal stresses that cause the atress distributions in
geg-turbine dlsks to differ widely from those encountered in steam
turbines, as steam turbines arve mainly sublected to centrifugal
stresses with small temperature gradiente. An enalysie of the types
of stress to be expected in aircreft gas turblines requlres a consld-
ervation both of the centrifugal stresses sand of the stresses resulting
from temperature gradlents. “ ’

In order %o lnvestigeste the net effects of superpowmed thermal and
. centrifugal stresses, a number of arbltrarily selected cooling condi-
tions were assumed to exist In a typlcal dlsk and the corresponding
thermal and centrifugal stresses were calculated. The margin of
safety was determined by algebraically adding the centrifugal and
thermal stresses present at any polnt and comparing the resulting
stress state wlth the rupture strength of the materiai at the temper-
ature of the polint. Thie comparison of the strength of the material
with stress conditions was considered to afford an indication of the
relatlve desirabllity of various temperature dietributions.

Elastlc properties of materials such as Polssen's ratio, modulus
of elasticlty, and coefficlent of thermasl expanslon vary with temper-
ature. Alrcraft gas turblnes are usually operated with o radlal
variation of temperature in the disk. Accurate stress calculations
would therefore require accurate data on the elastic propertles of
materials at all operating temperatures and a method of stress
calculations would have to be used that would account for the polint-
to-point variation of material propertles in a disk. In order to
determine which vroperties signifilcantly affect the stresses Iin gas-
turbine dlekse and to detexmine the types of effect that result from
varying thsse properties, calculations of centrifugal and thermal
stresses wers mnde for a wide variatlon of values of elastic constants.
The calculations, which were made atl.the NACA Cleveland laboratory,
were facilitated by a method (reference 1)} that is especially adapted
to diske In which thers are point-to-point variations of proflle,
temperature, and material properties.

ASSUMPTIONS AND METHOD OF ANALYSIS

Centrifugal stresses were calculated for a rotative speed of
11,000 rpm. The disk profile used in all calculations is shown in
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figures that are thg results of stress computations, In calculating
the influence of changes in radisl temmerature distridution, the
agssumption was made that no axial stresses or temperature gradients
are present. (Axial stresses and temperature gradients would be
expected in disks that are cooled on one side.) - '

It was assumed that the radial temperature distribution could be
represented by a function of the form

T = arn + b

wheoro
r radius ; oo
T temperature at radius r

&, b, n constents determinsd by assumed btemperature distributlion

This functional relation bestween temperature and radiues was chosen as
a convenient method of representing anticipated temperature distribu-
tlona. Temperature measurements could »nrove other types of function
to be more appropriate to mparticular turbines.

Centrifugal stresses were calculated on the assumption that the
mean radisl stress at the rim due to bucket loading is & tensile strsss
of 8500 pounds per square inch, This value was obtained by dividing
the total centrifugal force at the root of tre blades by the total
rim perisbheral area. Temperature distribution in the buckets was
assumed to have no influence on the disk thermal stresses and the
radial thermal stress was assimed to be zexro at the rim.

The method of stress calculation used is given in reference 1.
It is a finite-difference method that permits calculabion of the
atresses present In disks 1n which temperature, thicknessz, modulus of
elasticity, Polsson's ratio, and coefficient  of exparsion are varlied
in an arbitrary manner. In order to calculate only centrifugal
stresses, the coefficient of thermal expanslon was set equal to zero;
to calculate only thermal stresses, the angular velocity was set equal
to zero. The total stresses were found t ¥ algebraically adding the
centrifugal and the thermml stresses.

Because aircraft power planis are required to operate under
severe conditions for only short periode of time (such as
during starting and take-off), the 2-hour rupture strength was
arbitrarily chosen as a criterion of the capacity of g material to
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withetand the stresses of . aircraft ges-turbine disks. The 2-hour
rupture strength is the value of unlaxiel tensile stress that will
cause failure of & tensile teat specimen in 2 hours at a definlte
temperature. The high-temperature portion of figure 1 is a plot of
2-hour stress-rupture values taken from figure 46 of reference 2; the
low-temperature portion of the figure was obtalned by passing a smooth
curve through the elsvated-tempsrature points and a room-temperature
point (107,000 1b/sq in.), which was teken from the tensile-strength
curve of figure 44 of reference 2. The disk stresses are biaxisl;
hence, comparison of the severity of stresees at a polnt in a disk
with the stress-rupture value for the corresponding temperature
requires the use of a single quantity that repreosents the biaxial
stress state. For this purpose, an "equivalent tensile stress," which
ig defined by the derivation given in the appendix, was calculated
from the maximum-shear-strain-energy theory of failure. The excess

of & stress-rupture value over the equivalent tensile stress is called
the margin of safety. This quantity, which was calculated on the
assumption that the disk remains perfectly elastic, provides a means
of comparing the stress conditions at various points of the disk and
also provides a qualitative means of studying the net effect of
chenges in temperature distribution. Calculation of the margin of
safety using elastlc stresses is not a method of estimating fallure
conditions because a disk, which is locally overstressed, will yield
plastically and so relieve the high stresses caused by stress concen-
tration.

EFFECTS OF TEMPERATURE DISTRIBUTION

In order to investigate the manner in which stresses depend on
temperature distribution, & variety of arbitrarily selected temperature
distributions (fig. 2) were assumed and the corresponding stresses were
calculated.

Typlcal Stress Distribution

A qualitative presentation of the radial varlation of components
of centrifugal and thermal stresees, total streseses, equivalent tensile
Stresses, 2~-hour rupture strength, and margin of safety is shown for
a typical disk in figure 3. The data for this {llustration of the
menner in which the components of stress combine were calculated for
the temperature distribution of figure 2(a) with n equal to 2. The
convention of considering tensile stresses positive and compressive
stresses negative has been followed. Figure 3(a) shows that the cen-
trifugal stresses are all tensile but the thermal tangentlal stress
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takes on large compressive values. Because the tangential thermal

and centrifugal stresses at the rim are of opposite sign, the total
tangential stress at the rim is smaller than the thermal stress alons,
The two stress systems have been added in figure 3(b)} and it is seen
that & net tangential compressive stress exists in the region of the
rim. TFigure 3(c) shows the equivalent tensile stress for the cen-
trifugal stresses and for the total stress system. The Z-hour stress-
rupture values corresponding to the assumed temperatures are also
shown. TFigure 3(d) shows the corresponding margin of safety. The

low margin of safety at the rim is due to the presence of resultant
compressive stresses. ZExcessive values of such stresses often cazuse
plastic flow of the disk rim during engine operation and when the
disk cools a system of tensile stresses is set up that can cause rim
cracking. Because such cracks usually progress rather slowly, serious
trouble from this source can,in most cases;be forestalled by removal
of the wheel from service. The thermal and centrifugel stresses are
both tensile at the center; In the event that these stresses become
excessive, a sudden rupture of the rotor would probably occur. Disks
are therefore usually designed to have a larger margin of safety at
the center than at the rim.

Effect of Changing Temperature Distribution

The margins of safety that correspond to the several temperature
distributions of figure 2(a) are shown in figure 4. The margin of
safety at the center is large and increases as n 1is increased but,
as the temperature gradients in the region of the rim are increased
by increasing n, the margin of safety at the rim is reduced. Fig-
ure 5 shows curves of the equivalent tensile stresses and of the
margins of safety that correspond to the temperature distributions
of figure 2(d). In general, the reduced thermal stresses decrease
the equivalent tensile stresses as the temperature of the disk center
is raised; hcwever, ths stress at the rim is higher for & center tem-
perature of 1200° F than for a center temperature of 1000° F. The
tangential centrifugal and thermal stresses are of opposite sign and,
for the temperature distribution corresponding to a center temperature
of 1200° F, there is no thermal stress to reduce the effect of the
centrifugal stress; therefore, the equivalent tensile stress at the
rim for a center temperature of 1000° F is lower than that for a
center temperature of 1200° F. Figure 5(b) shows a different order of
desirability of center temperatures from that which would be expected
from figure 5(a) when the center of the wheel is considered. This
differsence exists because low center temperatures raise the material
gtrength at the center and thus influence the margin of safety. These
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results show tha* the margln of salety at any point is affected by
temperature distribution In two ways; that is, the thermal stresses
and the strength of the materiasl are affected by changes in temper-
ature.

Control of the Stress Distribution by Adjustment
of the Temperature Distribution

The attachment of buckets to the disk rim usually increases the
local stresses. It is therefore desirable to have the centrifugal
forces and thermal gradients producse Lov siresses in the region of the
rim, If the turblne is so designed that hot gases are in contact with
a large part of the rim, & uniform temperature region at the rim would
be expected as is illustrated by figures 2(b} and 2(c). In figure 8(a),
which shows the effect of a constant tempsrature near the rim, are
plotted the tangential thermal stresses that accompany the temperature
distributions of figures 2(a), 2(b), and 2{c) with n equal to 2.
Figure 6(b), which is a plot of the corresponding margins of safety
vhen all thermal and centrifugal stresses ars considered, shows that
the position of minimum margin of safety can be shifted by changing
the temperature distribution. One method of changing the temperature
distribution would be to relocate the seal between the cooling alr and
the hot gases. Another method would be to alter the supply of cooling
air. In this manner, it is possible to shift the peak of stress due
to temperature gradient away from the rim. The stress concentration
factor caused by the method of buckel attachmen! would hen apply to
lower nominal stresses.

INFLUENCE OF ELASTIC CONSTANTS

Calculations of centyifugal end thermal stresses were made for
several assumed variations in elastic properties to indicate the
changes that can be made in disk stresses by altering material proper-
ties and to show the effect on stress calculations of making the
simplifying assumption that the elastic properties dc not vary with
temperature. Because the centrifugal-gtress calculatlons were based
on a bucket stress at the rim of 8500 pounds per square inch, this
value of radial centrifugal stress exists at the rim for all the cal-
culations., In conformity with the assiumed conditions, the radial
thermal stress is zero at the rim for all varlations in elastic prop-
erties. For & solid disk, the radial and tangentiel stresses are
equal at the center. For all the calculations made to investigate the
effects of changes in elastic properties, critical conditions were
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Tound to occur only at the rim and at the center, and the response of
the atresses to changes in elastic properties may therefore be observed
by consideration of only the tangential stresses at the center and at
the rim. A4ll calculations made to show the effects of change in elastic
constants were based on the temperature distribution of figure Z(a)

with n equal to 2.

Modulus of Elasticity

The influence of modulus of elasticity on centrifugal and thermal
stresses was investigated for assumed relations between modulus of
elasticity and temperature, as shown in figure 7. Line b approxi-
mates the actusl variation of modulus of elasticity of a typical heat-
reosisting alloy in the temperature range shown. Centrifugal-stress
calculations were made for the relations represented by lines a, b,
and ¢ of figure 7(a) to show the effect of a change in slope of the
modulus-temperature characteristic. The relation of the tangential
centrifugal stress to the slove of these lines is shown by figure 8(a).
It is seon that a calculation, which makes no allowance for the slope
of the modulus of elasticity-temperaturse curve, would yield rim
stresses slightly higher than the correct wvaluea, but the center
stresses would be approximately correct.

As shown in the appendix, any calculation of centrifugal stresses
with the assumption that the modulus of elasticity does not vary with
temperature gives results that are independent of the modulus of
elagticity. Calculation of centrifugsl strosses were made for the
relations represented by lines b, f, and g of figure 7(c) to show the
effect of & shift in level of the modulus-temperature characteristic
at a given slope. The effects on stresses are shown in figure 8(b);
for a given slope, the center and the rim centrifugal stresses are
negligibly affected by theo level of the modulus of elasticity. B

Lines a, b, and ¢ of figure 7(a) show assumed relations between
elagtic modulus and temperature in which the average value of the
meodulus is constant but the slope of the curve is changed. The effect
on thermal stresses of such change is shown by figure 8(c); a thermal-
stress calculation, which assumes a constant modulus equal to the
average of the actual-moduli across the disk, would yield correct
center stresses but the magnitude of the rim stresses would be signi-
ficantly increased. The influence of level of the modulus of elaaticity
on thermal stresses was investigated for the relations represented by
lines ¢, d, and e of figure T(b). The result is shown in figure 8(d)
where the thermal stresses are directly proportional to the megnitude
of elastic modulus.
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Coefficient of Thermel Expansion

The assumed relations between ccefficient of thermal expansion
and temperature, which were used in investigating the Influence of
this coefficient on thermal stresses, are given in figure 9. Line b
represents the actual values of a typlcal heat-resisting alloy.

Lines a, b, and ¢ of figure 9(a) show ass'med relations betwsen coef-
ficient and temperature in which the slope varies but the average
value remains constant. The effect of this type of variation on the
calculated stresses is shown in figuve 1Q(a), where it is seen that a
calculation of thermal stress, which neglects the variation of coefl-
ficent of expansion with temperature, yields stresses slightly lower
than the correct values. The sets of the values represented by

lines ¢, 4, and e of figure 9(b) were used to determine the effect

of magnitude of the coefficlent when it does not vary with temperature.
Figure 10(b) shows that the thermal stresses are directly proportional
to the level of coefficient. The sets of values represented by

lines b, f, and g of figure 9(c) were used to determine the effect of
magnitude of coefficient of expansion when the coefficient of
expansion-temperature characteristics have a given slope. Figure 10(b)
shows that a linear relation exists between the level of the coef-
Picient and the stresses.

Polasson's Retio

Calculations of thermal and centrifugsl stresses were also made
for values of Poisson's ratio of 0.2, 0.3, and 0.5. Most heat-
resisting alloys have a value of Poisson's ratlo at room temperature
of approximately 0.3. At eleveted temperatures a material approaches
the plastic condition and, according to the theory of plasticity,
Poisson's ratio for the fully plastic state would be 0.5 (reference 3,
p. 79). Thus, the range of 0.2 to 0.5 covers all values of Polsson's
ratio that may be expected to occur. _

A change in the value of Peisson's retio from 0.2 to 0.5 decreased
the tangential centrifugal stresa at the rim by 22 percent and the
thermal stress at the rim by 1.4 percent and increased the net or
total stress at the rim by 6 percent. For disks in which thermal
stresses are predominant, the precise evaluation of Poisson's ratic is
therefore unimportant.

CONCLUSIONS

Calculations based on the assumption of perfect elasticity have
led to the following gualitative conclusions concerning the influence
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of temperature gradlents and elastlc properties on stress conditions
in aircraft gas-turbine dlsks:

1. Severe temperature gradients caused tlermal stresses of
gsufficlent magnitude to reduce the overating safety‘of the disk.
Attemvts to increase the streagth of the material by cooling the
center o a dlsk might reduce the margin of safety as a result of
the thermal stresses set up.

2. Small tewnerature gradients were deslrable because they
created thermal stresses that subtracted frem the centrifusal stresses
in the region of the rim. Center stresses were lncreased by the small
temperature gradients. : _ - - —-

3. Thermal gradlente produced a tendency for the maximum stress
to exist near the rim. By altering tke teuperature distribution, the
position of this maximun stress covld be shifted away from the rim.

A stress-concentration factor caused by the method of bucket atbach-
ment would then anply fto lower nominal stresses. -

4. Centrifugal stresses were slightly affected by changes in the
relation betweelr modulus of elastlclty and temmerature. The therwmal
stresses were approximetely prorortional to the coefficient of expan-
glon and to the modulus of elastlcity. Because the effects of therual
gtresses are likely to oredominate, 1t is desizrable that the modulus
of elagticity and coeflficlent of thermal expansion be small, Deslgn
calculations requlre accurate data on elastic modulus and coefficient
of thermal expansion over the temverature ranges encountered.

S. A change in Polsson's ratlo from 0.2 to 0.5 decreased the
centrifugal tangeatlal stresses at the rim but increased the total
gtrcsses by a negligible amount. Elevated-~temperature measurements
of Poisson's ratlo were therefore considered to be of small value for
calculations of gas-turbine-disk stresses.

Flight Propulsion Research Iaboratory,
National Advisory Committee for Aeronautics,
Cleveland, Ohio
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APFENDIX - MATHEMATICAL ANALYSES

Symbols -
A maximun shear-strain energy, in.-1lb/cu in.
B modulus of elasticity, 1b/sq ig.
G modulus of rigildity, 1b/sq in.
h axial thickneas of dilsk, in.
r disk radius, in.
8 equivalent tensile stress, 1b/sq in.
&n stress margin of sefety, lb/sq in.
86 tensile test stress, 1b/sg in.

8y, 8p, 8z Dprincipal stresses, lb/sq in.

AT difference between temperature of disk and temperature
at zero thermal stress, °F

o mean coefficient of thermal expansion (in./in.)/°F

18 Polsson's ratio, 0.3

b mass density of disk material, 1b secZ/in.?

O.. total radial stress, 1b/sq in.

o total tangential stress, 1b/sq in.

w . anguler velocity, radians/sec

Equilvalent Tensile Stress

The maximum shear-straln energy is comsldersd tc be the index of
the geverity of the stress state in a high-temperature rotating disk.
This quantity 1s given in reference 3 (p. 73) as

A= T%E [@sl - 82)2 + (82 - 83)2 + (83 - Sl)%l (1)
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In & rotating disk, O, and Oy are principel stresses While the
axlal stress is zero, =0 at any point

l 2 2
A = 5 [(o'r - c,t) + 0p° + Oy ] (2)

The stress 8 1in a tensile specimen is uniaxial; the substitution in
equation (1) of s =87 and 8y = 85 = 0 gives

A= 1%5-(232) (3).

The uniaxisl tensile stress, which is equlvalent to the blaxial stress
in a rotating disk, is now defined by equating these two valuss of
maximum shear-strain energy. Thus

2 - - - . . -
262 1 2 2 2
126 = 126 !f"r Og)" + Oy + O;J | | (_‘4)

oxr

8 = ./crz ~ 0,0 + O° (5)

Then, inasmuch as 8, 1is the stress-rupture valus of a disk material
at a temperature corresponding to the temperature 1n a disk at a point
where the state of stress is being evaluated, the margin of safety

8y 1s defined as

Bp = 8 ~ 8 (8)

Effect of Constant Modulus of Elastlcity
on Centrifugal Stresses

The squilibrium squation (7) and the compatibility equation (8)
ars given In reference 1.

2 (vhop) - oy + pof brf =0 (1)

’

a O't\ d <!J~Gr d (l + O'IJ»)(O'I. - G‘b) _
=& -& T)*&E(“AT)‘ Er =0 (&)
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Equation (7) contains no terms that involve the modulus of elasticity.’
In equation (8), the substitution of a = O and a conetant value of
modulus of elasticity establishes that the centrifugal stiresses are
not Influenced by the magnitude of. ahny constant modulus of elasticity
because 1t cancels out of the compatibility equation and 1s nct
involved either in the equilibrium equation or in the boundary con-

ditions. : -
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Figure 8. — Effect of varying modull of elasticlty as shown In tigure 7
on tangent lal stresses at center and rim of turbine disk. Speed, 11,000
rpm; bucket loading at rim, 8500 pounds per square Inch; center tempera-
ture, 600° F; rim temperature, [200° F; temperature distribution gliven by
=ar+ b; n=2, -
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Figure 9. — Assumed relations between coefficient of thermal expansion and temperature
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Figure 10, — Effect of varying coefficients of expansion as shown in figure 9
on tangential stress at center and at rim of turbine disk. Speed, 11,000
rpm; bucket loading at rim, 8500 pounds per square Iinch; center temperature,
600° F; rim temperature, i200° F; temperature distribution given by
T=ar"+b; n=2,
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