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Rolling nxx.ont due to sideslip 
Part I«     The effect of dihedral 

-by- 

I. Lavacin, ph.D. 

<M, 

s 

I 

SUMMARY 

This i« tha first of threo reports dealing with the rolling moment 
derivative due to sideslip.      In this report the effect «f dihedral is 
oonaidered;    the second report «ill be concerned with the effect of 
cweepback, and the third will dual with wing-body interference and the 
effect of the tail unit.      The main outcome of this first part is aa 
follows: 

1«      The effect of dihedral in sideslip is equivalent to that of a 
skew-symmetric change in the incidence distribution inunyauod flight, 
auch aa is caused by equal up and down uovuments of the uil< rons. 
The theory rf the rolling moment caused by oil-ran movement ia well 
developed, and is readily transformed to apply to thu case of dihedrau 
la sideslip. 

2. Por wings of elliptic plan form tho rolling moment is shown to be; 
proportional to the dihedral and sideslip angles (assumed small), to 
a function of the dihedral »pan (Fig.2) and to a f-mctioi of the »apeet 
ratir (Fig.6a).       The form rt this latter f'inction is th>? aaino as that 
controlling the change  (with aspect ratio) of the lift curve slope in 
straight unyawrd flight, cxc-.jit that it rel'iti s to an effective aspect 
ratio equal to half if the geometric ^vi^wct rutio. 

3. jftr tapered wings the sjme conclusions are fojnd to a;?>lyf and ii 
fact for rough estimates the effect nf ta;wr may be ignored and wings 
nf normal plan form can be treated as elliptical.      More  jc-airatrly, 
the effeot of dihedral spin and the variation of the constant of 
propnrtionality, i.e.'« t ," , with taper oan be obtained from Pigs.  !; 
and 4. 

4. Comparison rf the theoretical deductions with the available «xper - 
mental results she.» very satiafactor» agreej.mnt (Pig.4)|    tliis oompari.:on 
indieo.t<.n that s«< <-pbacx and interference due  to the presence of a 
fusel-jtfe or nictiics have negligible effects on the contribution tc •* 
due tj wing dihedral. 

5.      The contrioution to caused by wing flexure imtT the aerooynaiaic 
loads in    flight is shown to be sitaply exu-casible in terms of tip 

- I - 
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deflection, «aa, in practice this effect is only slightly dependent 
OB wing taper and oan be readily determined for the type of flexure 
that normally occur» (nearly parabolic);    (Figs.6 and 9). 
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Notation 

Introduction 

Effective change of incidence and rolling moment due to 
full span dihedral in aidealip 

3»  Boiling moment  in sideslip due to uniform part «pan 
dihedral 

3.1. Elliptio wing 

3.2. Effect of aspect ratio and two-dimensional lift 
curve slope (elliptic wing) 

3»3,  Tapered wingc. Effect of dihedral spun, aspect 
ratio and two-dimensional lift curve slope 

km       Effect of spanwise variation in dihedral 

4*1*  General 

4.2.  Wing divided into various spanwise parts having 
different constant dihedral angles 

4.2.1. Elliptic wing 

4. 2. 2, Tapered wings 

Um},      Dihedral effect of wing flexure under the aerodynamic 
loads in flight 

4.3.1. Elliptic wing 

4.3.2. Tapered wings 

5.      Comparison with experiment 

fit     Conclusions, summary of main formulae and example 

6.1. Conclusions 

6.2. Summary of main formulae 

6.3. Example 

List of references 

Appendix I 

!•     Boiling moment due to a afcsw ayanstrio inoidanos distribution at 
oonatant magnitude (full and part span) 

1.1. Elliptic wing 

1.2. Tapered wings 

Appendix II 

1.  Relationship between a wing with parabolic flexure (n * 2) and a 
wing of the samt plan form with constant dihedral and having the 

tip deflection (tapered wings)« 
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Staenaiona. anales and. velocities 

• ft. 3ei.il-span of the wing 

e ft. Ving chord at a station along the semi-span 

»0 ft. 

ft. 

Wing chord at the root   ) 
J see Fig.la. 

'.'lag chord at the tip   ) 

3 so, ft. Wing area 

* Geometric aapeot ratio; A •> 4 a 
S 

% Wing taper ratio; t  •  /o0 (ace Fig.la) 

J position along the lateral (Y) axis expressed as 

n 

a rod. 

«n red. 

as rod. 

Y rod. 

r rod. 

r. rod. 

a fraction of the soni-span 

Position along the lateral (Y) axis, where the unlfor 
dihedral ungle begins, expressed as a fraction of th<- 

s. 
aeai-span;    y4 • 1 -     /B 

ft. Length Measured fron the tip to the position si tno 
- beginning of a uniform dlhodrri angle;  s^ - 3(1 - y^). 

sec Fig. lb. 
Bd/ Dihedral span ratio;        /sal- yd, s.o fig.lb. 

ft. Floxural deflection at a local station alone this semi- 
span;    sue Fig.lc. 

ft. Flexurul deflection nf the wine tips. 

Distance fro» rolling axis of lateral centre of 
pressure due to axev .v/r.BMtric loading expressed as  1 
fraction of the .sond-upuu 

Index of the siuple power law of flcxiu-u deflection. 

Effective geometric wing inciduncu. 

Constant geometric incidence of the whole wing. 

Part span (or full span) skew symmetric incidenoe 
distribution of const:uit tiagnitude. 

Local dihedral angle. 

Port span or full span oonstont dihedral angle. 

Dihedral angle corresponding to the some tip deflation 
as that of a flexed wing;      ' j   * 6z1 ,    (»«" Kig. lc). 

Va 

rod.   Angle ->t  sideslip; positive when the starboard tip ia 
forward. 

4 - 
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V ft./BOO. 

T ft»/MO* 

V •D* 
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Velocity ooaponent parallel with the 2 axis. 

Resultant «lag velocity. 

Angular velocity in roll. 

Change in the local wing tip incidence due to 
rate of roll. 

Force and aaaent ooefficionts. derivatives, components • 
of  -?v   etc. 

lift coefficient»    Cj, • ""/^pv^S 

Local lift coefficient. 

Bate of chongo of the lift coefficient with inoidunco 
for an infinite wing; a *°H. 
The sane ae above for finite aspect ratio and 
symmetric distribution of loading. 

Function representing aspect ratio effect on 
rolling moment of finite span King duo to a skew 
aymnetric loading distribution. 

Rolling moocnt coefficient; Cy .       R.M, 

ipV^s 
Rate of change of rolling n.oraent coefficient with 

angle of sideslip; 

in radians. 

, where ß 

t   due to full swan dihedral distribution. 

Contributions to ^T due to:- 

Genoral dihedral distribution. 

Constant dihedral distribution. 

tip deflection due to wing flexure. 

Dihedral efficiency. 

Circulation at local wing section. 

5- 
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1* Introduction 

The value of the rolling Moment derivativ« of an airorait 
la aideallp la of first importance In assessing its lateral stabii.it/ 
characteristics.      rhere oan be no doubt, therefore, of the value of 
a reliable method for predicting   ly in the design str^e o»  an alroralt. 
Such methods as have been previously developed have been largely 
empirical,  and have not oovcrod all the i'aotors that are known today 
to be of Importance.      The approach that his b<>en adopted here is to 
make the fullest practioal use of theory and, by ioeons of the resulting 
formulae, to interpret the available experimental data.      In this way 
It la believed all the iuportant parameters are adequately considered. 

The subject readily divides itsolf under three min headings; 
each la eonaidered in a separate report denoted as Parts I, II and III. 
These three parts are as follows: 

Part I -     The effect of dihedral -(c) 
vY 

Part II   -  The effect of sweepback. 

Part III The effect of winu body arrangement and tail 
unit. 

Thisfirst report therefore deals with the effect of dihedral, 
in paragraphs 2 and 3 elliptic and tapered wings with constant full 
•pan dihedral arc eonaidered.      The effect of uniform part span 
dihedral l'or elliptic and tipered wings is considered in paragraphs 3.1. 
and .3.3.      Iha general case of a variable dihedral along the spnn la 
treated in paragraph V;    this includes the cose of a wing divided into 
various span wise parts eaoh having a,different constant dihedral.      It 
also includes thr  case of dihedral due to wing flexure under the  iero- 
dynamic loads in flight.      In addition to a sucs.iiry or the main con- 
clusions the main formulae are collected in parvjraph 6.2.  and in 
example  ia given to illustrate their use. 

acknowledgement 

Acknowledgement is due to Mr.  A.D. Young tor tb- conuidurablc 
help given in discussion of the theoretical background to the investiga- 
tion and in the writing of the report. 

2.  Effective change of incidence and rolling i'»»ient du» to full span 
dihedral in sideslip 

It is easily shown  (see for exnmple fif.J) that,  if a ring 
with dihedral is put int    a sideslip, there is a change in the local 
effective angle of Incidence, which on tlv utarbo.jrd aide is equal but 
if opposite sign to the corresponding ohanjje on  Lhe I*rt aide,       3uch 
a change in the effective incidence distribution cay b<   conveniently 
referred to aj skew-symmetric      Adopting tr^ usual ccnve.itio.ia o:   sign, 
a peaitive angle of sideslip with positive dihedral causes an increase 
of incidence an the startcard wing and a decrease of incidence op «he 
port wing.       ?hin incidence change  (a a) is easily shown to be related 
to the angle of sidoslip   ß    and local dihedral cjißlft    Y    "y the 
formula 

[tan (no)!      • ton    3.   sin   Y, 

or ta es 0. Y ;    If 0 and Y ore small 
J 

..- 
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Ulla skew-sysraetrlo&l change of effective incidence «ill result 
la equal and opposite changes of lift on the port »id starboard winja, and 
henoe in a rolling mooent.      To arrive at a rough estimate of this 
rolling moment.' the following rather crude assumptions have frequently 
been made 9i l*i  U. 

(a) Changes in induced downwaah at the wings due to the skew ayixietrio 
ahsnges in effeotive incidence are negligible. 

(b) The rate of change of lift coefficient with incidence for euch 
half wing for the skew synmctric incidence distribution is the avx> aa 
that for the wing in normal straight unyiwed flight. 

(oj any distortion of the trailing vortices and changes in the flow 
over ehe tips due to the three diisensionol character of   oblique flow 
are neglected. 

If these assumptions arc applied to the case of a wing of aspect 
ratio S.    with full span constant dihedral   f , then the lift oncoon 
half of the wing, when expressed as a coefficient, is 

S 
a £ ay - *    ß   P, 

a 2 

.where a la the lift curve slope of the wing of aspect ratio R in 
straight unyawod flight.  If n is the distance of the lateral 
centra of pressure of this lift from the rolling axis (expressed as 
a fraction of the semi-span), then the rolling moment coefficient 
la      . . 

c-4 "7 iß P 

If we take n • 0.5, and a • A. 3 as representative values for a rectangular 
wing of aspect ratio 6.0, then equation 3 gives 

 i ^ 1.1. 
;' 

However, the results of exporinents summarised in Pi«, k (curve E) show 
that the -ictual value of       " 

Vr 
for a rectangular »irtfe ia about 0.0. 

Similarly, the «stilted value for an elliptic wins,  (taking 10JJ^"   /S*)t 
derived from equation 3, ia xls*. oi^ut 25>. too high whtn cokQwred with the 
experimental value fcr tapered wiiy.a ^pproxiinatii<g the elliptic plan fort» 

The above crude theory can, however, be readily improved upon} 
to do thin «c discard asauaptions (a) .and (b) above.  This ia t-intauount 
to ojau=:ine thAt t.jy «ffeet of sideslip on the lift distribution on a 
wing with dihedral ia exactly equivalent to that caused by a skew 
synautric change of effective incidence in unyawed flight (auch as, fcr 
exacple, is canned by equiU. und opposite aileron uxveuent).      This 

- 7 
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latter oase was considered by Munk? for an elliptic wins, and lay 
Bartahom for elliptio and tapered wii£&     She theory for an 
elliptio wing with full span, unifora dihedral     P la reproduced In 
Appendix I, where it ia shown that the rolling txxoent coefficient 
due to sideslip ia given by . 

A- *   A. 
3* 

---•JL.       •     \ 
»00      ** J 

which 
Xf we consider, for example, a wing of aspect ratio 6*0 for 

the theoretical value of - vi/p is now *« • 5.5, 

-—II-   0.738. 

The nean experimental value corresponding to a taper ratio * ^0rj5 
la shout 0.71 (see "j?ig.4> ourve E).      Thus, we find that the value 
given by equation If is only about 51/» higher than the experimental 
value.      The testa on tapered wings fro» which the experimental valuuu 
shown in Fig. if have been derived have all been made at ajall Reynolds 
numbers.       It ia not certain whether this iJfly not bt reapon sible for • 
aome snail reduction of the ueaaurod rolling uoaeta due to dihedral in 
sideslip aa compared with what uay be ex.ucted at full scale Reynolds 
makers.      Clearly, a scale effect on local lift ourve alopo will he 
accompanied by a scale effect on   /^      It appears, thereforo, that the 
theory, based on the flow associated with unyowed flijiiit end tho same 
skew ayonetrlo incidence distribution, oon be used with confidence in 
predicting dihedral effects in sideslip. 

If we compare equation k with equation 3 it will be seen thct 
we can conveniently reßord a, as on effective lift ourve slope for a 
skew symmetric incidence distribution and ^/jx as the corresponding 
value of 1    (or the ncn-dincnaional 'distance of the lateral eentr« 
of prsasure from the rolling axis).      This view point can be adopted 
only for the purpose of ossnasinc the rolling ucient derivative;    in 
actual fast a, aa given by equation I* is not the true theoretical lift 
slope nar is !*/}% the true theoretical value of r\ .      The calculations 
of Hartshorn^ show that the true theoretical values of the lift curve 
slope and the Literal centre of prsasure for a full span skew aynuetric 
load distribution on an elliptic winr, are approximately 

Mtrue)  •• 

and 

^i(truB) S.    c«5"> 

- 8 - 
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a point of very real importance emerges Iron this ooupariaoiw 
The value of a,, the lift curve elope in straight -unyawed flight, Is 
given by 

am  *.* 

• The. affective value of a, given by equation k is therefore the 

sane aa that- of a, (of. equation 6) corresponding to an aspect ratio 
one half of the true aapeot ratio, whilst the true theoretical value 
of a,, (as given by equation 5), ia the same as that of a for an 

aspect ratio one third of the true aspect ratio.  The true lift curve 
•lope for «ach half wing for a uniforu full span 3kcw-syr.mctric change 
of incidence in  therefore not the same as the lift curve slope for 
straight symmetrical unyawod flight (as was assumed in the crude 

theory'»10»11), but corresponds to the lift .curve slope when the aspect 
ratio is reduced to about one third of its true value.  This fact will 
undoubtedly be of importance in any general analysis of dat •*. dealing m ' 
other derivative urising from skcw-syixietric loading distributions e.t;. 
*   and /_. 
P    * 

3» Boiling tioment in sideslip due to uniform part span dihedral 

3.1.   Elliptic wing 

We have 3. -n that in the caso of uniform full span dihedral' 
the experimental results agreed very well with the theory baaed on the 
assunpticn thf.t the dihedral in sideslip was equivalent to a full span 
skew symmetric incidence change in straight unyawed flow.  It is 
reasonable, therefore to extend this theory to the cose of uniform 
part span dihedral, the theory then being identical with that developed 
by Hunk2 and Hartshorn? for port spun ailerons.  Tl* relevant parts of 

Botta has developed a theory fcr an elliptic wing in sidcjlip which 
leads to the f0Hewing results f'~r tlvi lilt curve slope and lateral 
centre of pressure 

" ?•« 0.526. 

TUs leads to a value of - £   about I85» higher than the experimental 
value.      It nay be noted however, that Hotta's theory ia based on the 
assumptions that the downwaah is effectively constant and the trailing 
vortioes suffer no distortion.        These assumptions lead to reasonable 
results whan applied to ayaoctric loading probleris, but are of doubt* 
ful validity «hen applied to skew-syuaetrioal loading problems. 

- 9 
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the theory are reproduced In Appendix I whore It is shown that the rolling 
moueat.aoefflaisnt Is givanby    •   

PPf    h.«1-^ 
3/2 

- — -— i%    U-y4J » 

*.« 

end jrva • distance along span where dihedral begins (see Fig. lb). 

Vor a full span dihedral we have y^ o o, and 

 -A - i -k..    • 
r      2  3.,* 

/, 2,3/2 

s 3/2 
Bw function (1 - y^)    is shown in Pig. 2.  From the form of 
equation 9 this function nay be regarded as a measure of the rolllag 
anssnt due to the dihedral extending from the point yd to the win« tip* 

In Fig.3 is shown the function denoted 

n, ..^(i^)3A.j.(l.^, • 10 

This function is a measure of the contributions to the rolling laouent 
ooeffioient of an element of dihedral at the point   y,    and hence raoy 
be regarded as a dihedral efficiency as f*r is railing mouent is 
oonoeroe&t      It will be seen that this efficiency reaches a maximum of 
J • 0.7. 

The only experimental results available for coKiperison *ith 
aquation 9,  are the results of some tests made by Shortal1-' on 
rectangular wings with well rounded tips«      His results for   <-v/ i 

are shown plotted In Fig.2.      It will be seen that the agreement with 
the theoretical curve (equation 9) is remarkably close;    this suggests 
that not only is the theoretical curve reliable but the ratio-cv/>> 

Is only slightly affected by taper«      The effect of taper will be 
described in more detail later. 

j 
- 1Ü - 
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Start of aspect ratio and two-dimensional lift curve alone 
Uiptio winäT 

From the form of equation 8 wo see that the aapeot ratio and 
twp.dimensional lift curve elope (ago) occur only in the ten» Og. 
If   /v («, ago) denote the value of   ^v for a given value of the aspect 
ratio M  and a given value of a   , then wo can '•rite 

,      2 a« 
say. .11 

L- 

We are here using as a. convenient «ensure the rolling moment oorrespondii ; 
to sn aspect ratio of 6.0.      If wo ossuue that, as an average value for r.ost 
normal aerofoil seotions, a     =5.5, then wo have oo • 

£Lfej 5.5) 
P(6, 5.5) 

kS&t 

at 

.12 

P(i, 5.5)/ 
The ratio F(6, 5.5) given by equation 12 is shown in Pig.6a. 
tor oouparison the corresponding ratio for the lift curve slope of a wing 
In straight unyawu-i flight with synmetrical loading is shown dotted in 
the _ some figure, 

"JO own allow for the fact that a—varies with the type of aero- 
foil section used by computing the ratio ^(* » aooVp(6, 5,5) toe a 

range of values of aQ and JR.      In other words, we can refer wings of 
all aspsot ratios and values of SQ, to a standard wing of aapeot ratio 
6 and for which iB » 5.5«      Thus   we readily find that 

X«..»co> 
»(6. 5.5) 

-*-••*- 
5.5     3* 0.286. a„ 

1 • 
0.637. a. »13 

00 JR.* 

The curve» of this ratio corresponding to values of a     of 5.0 ad 6,0 

(In addition to the standard value of 5.5) are shown in Pig.6b.     For 
any given wing section the value of n_ can be determined either experi- 
mentally or by an empirical method such .is is given in ref.2lf. 

3.3. Tapered wing», 
dimensional llff 

Effect of Jlhedrul span, aspect ratio and two 
cur/o slopo 

Hartshorn's calculations7 on the rolling mouent accompanying a 
part span skew aycratric incidence distribution include 11» ease of the 
rectangular wine  (' • 1*2), and w- also have available thu results of 
calculations by Pearain* on tapered wings fcr which   t    varies from 
0.25 to 1.0.      The theory dues net load, as in the oasc of the elliptic 
wing to a f-JTKUI i for the rolling noi.ient in which the effects of the 

span of tie anew synnctrio incidence  distribution (i.e.  dihedral span) 
and aapect ratio can be rxplicitly scryuMtod.      A graphical analysis 
of the o cfxjted results of Pearson ami Hartshorn demonstrates, however, 
U—t tr;i:  :ff»ot? nv» substantially separable.       In Pig.5 the ratio 

- U- 
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la plotted against dihedral span for the. extreme taper ratios 
••• T5 P 

considered, the' corresponding curve for the elliptic wins is shown 
dotted.  It «ill he seen that there is little difference between 
the various curves and for most normal taper ratios, or where v*ry 
great accuracy is not desired, the curve for the elliptic wing can 
he reliably used.  In Fig.7 the calculated values of the ratio 
.«** »   '/?((,   5,5) are plotted against aspect ratio for values of 

the dihedral span corresponding to y£ = 0, 0,4 and 0,6, and the corros« 
ponding curve for the elliptical wing is also shown.  It will be 
seen that the values of this ratio for the tapered wings depart very 
little from the curve for the elliptic wing except possibly for the 
rectangular wings, at large aspect ratios (12 or higher}, and with 
snail dihedral span, i.e. yd :-'.•  0.6.  7or all pruoticni purposes 
therefore it may be taken that the ratio p"t» 5.5) ia  the .same far 

?(6, 5.5) 
tapered wings as for an elliptic wing.  In othur wur.ls, it appears 
from this analysis that the effect of dihedral spnn end aspect ratfo 
are approximately the sane for all wings of normal plan foru whether 
elliptical or tapered.  It seeus reasonable to suppose that the 
conclusion applies as far as the effect of a^ is concerned, 

4» Effect of spanwise variation in dihedral 

4*1«   General 

We have seen how, for on elliptic wing with constant full 
or part span dihedral ' ' , each spanwise element Ay contribute» la 
sideslip the element of the rolling moment derivative 

AC 

&4 TV  | 2  3«' 

(see ?ig,3) 

«v - i y(l - jr2) V* 

We have called the dihedral efficiency» 

Since the lifting line theory on which these formulas are 
ia a linear one, i.e. it assumes a linear relation between the 

local lift coefficient and the local incidence at any point along the 
•pan, the total rolling moment of a. wing may be obtained JL3 the sum 
total of the rolling moments due to the spanwise elements of the wing. 
In other words, the contribution of on element to the rolling moment 
due to the change» produced by this element in the spanwise loading 
distribution, is independent of the contributions produced by the 
remainder of the wing.  This is true in general whatever the spanwise 
dihedral distribution of an elliptic wing.  Hence, the rolling moment 
derivative in sideslip of an elliptic wing with spanwise dihedral 
distribution.- Y(y) is given by 

l 

i 
•••'•»' 

-c 
»»   2 3K 

H. I» 

'V  *<*) «7 

2 1/2 
T(T; Jrti - y )  dy 

12 - 
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4-2.       Wine divided into various apanwlse parts having different constant 
dihedral angles 

4.2.1.    fflHjttÜg **f\ 

We «ill consider a «lag divided into three parts; the method 
oan readily be extended to a wing divided into any number of parts« 4e4 
X*>t Y, , Y and Y, be the dihedral angles", and y^. yd and yd 

spanwise ordlnates at the end of each part (see Fig.Id).  Then 

the 

ac. 

«        2     i» I 
2    3* 1 

TWW-^tj 

5*« 
Y, 3y(l - jr*)1^ dar •   /     Y2 *<i-y2)^*» 7 

/ 
Td, 

Y, 3*1 - y2)1^ «y 

-V ( Y,   [i - (i - y^j • Y2 [a - ydf f - (i - ,$»] 
I 

T,   <i r* 2x3/2 j^'-d-y* 
2*3/2 !j 

••*.(• I ^• (i-ya.2)3/2(W*d-««2ri VY2>/ » 

J. 

2*3/2 since in the case considered y. a 1.0,  The functions (1 - yj ) 

3/2 
and (1 - y. 2)       oan be teed off the curve of Mg. 2.     We oanvritc 

equation 15 in the form' 

.. (fa) >(« i -ea) 

»(6. 5.5) 
^•a-ifc,)**(^-^) 

2*3/2 &-0   (vv/ .16 

J 

• Any of Yj, Y2, Yj etc can be negative, I.e. the eorrespending part of 

the wing has anhodral. 

-13- 
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refer* to aspeot ratio 6 and a  • 5.5 and la' 

therefore equal to 0.74.  Equation 16 oould be derived directly 
from equation 7.    - " " 

4.2.2. Tapered wings 

For tapered winga we similarly obtain 

ft' \  ?(*. a^) ( 

V r /, P(6, 5.5) ^ *    1 

• '(y^. *) (Y3 - Y2)|    »  « 

*(y.» t)  is obtained from PI«. 5, 

(A   \ 
I —-i /      la given in Flg.4 (curve B), 

-<* , ^ ) 
can bo token fron the curves given in Fie.6. 

T(6, 5.5) 
It will bu appreciated that the above formulae (16 and 17) Include thu 
oaae where the wing tip has a dihedral onp.le different from that of the 
adjacent part of the wing (see Fig.Id). 

4.3«        Dihedral effect of wing floxuro under the aerodynasdc load» 
in flight." 

4.3.1.    Elliptic wing 

Let 6   be the local displamacnt parallel tc the    Z    axis  (revt: nod) 

of the local quirttr chord point due to the wing flexure under the aero- 
dynamic loaiia in flight.       In practice, it is found that the relation 
between &   and   y   is adequately expressed by 

a, - k-y0 , 

«here   n   varies between 1.6 and 2.0 (ref.26). 

Xf 4.    la the displacement at the tip, then 
"1 

'•\   -  r». ....... 1» 

DM corresponding dihedral angle Y(y) at the point   y   la given by 

-14- 
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from situation 1U the rolling mooent derivative In sidealip duo to the 
wing rOenture dihedral la 

»0.    j 

»P 2  * *» (i - y2)V2 «y 

If we write —i a p  (i.e. the oonstnnt full span dihedral angle 
a     ° 

associated with the sane tip deflection) then 

1 

V'd-y^dy. ^j . N te       /  _* /, _ .AV2 
2 3* 

We have already aeen that for oonatant full span dihedral' 

,_i. _. _ 
n   2  3« 

hsnos ws oay write 

ell. L *• JW2 .20 

The values of the Integral on the rieht hand side of equation 20 
have oeen calculated for a range of values of n from 0 to 6.0 and the 
results are shown in Fig.6.  It will be seen that the variation of the 
value of this integral is snail for n greater than 1.6, and for the 
range cf values of n foun-1 in prootioo (1.6 to 2.C), the integral r.y he 
taken to IM 1.18. 

—Y. a- _1  1.13. 
n       r 

.21 

Wot a wing of aspect ratio 6 and for whloh a  a 5.5, we have seen that 

_i- -0.74, 

for such a wing when flexed 

-r.-cae, 
6 

<'*>„. -«-•+- all. 
.22 

L 
-15- 
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Vor aspect ratlos other than 6,0, the correction factor, as 2iven in 
Fig. 6, should be applied. Te have thus arrived at a formula giving 
the derivative direotly in terms of the tip deflection. 

4.3. 2. Tapered wings 

The above discussion applies strictly to wings of elliptical 
plan form, but wo may expect, frou the very small effect that taper 
»as found to have In the case of constant dihedral, that equation 21 
will be sufficiently valid i'or wings of normal taper ratios.  As a 

.. check,, calculations have been made of the ratio t / -C y/r6    
vvr 

tor wings of taper ranging from 0.25 to 1,0 and of aspect ratios 4, 6 and 
0, the flexure being asauatd to be parabolic (i.e. n = 2).      With a 
parabolic flexure the dihedral angle, and hence the change in effective 
incidence- (on) varies linearly with spanwise distance from the rolling 
axis.      The theory is therefore identical withttie theory for a wing 
rolling with constant anpulnr velocity in which the helical character 
of the trailing vortices is ignored.     Calculations for this latter 
case covering the taper ratios and aspect ratios quoted above are given 
In ret.6,      It is a simple matter therefore to apply the results of 

*-y 
these calculations to give us the ratio pT//y.. •   -he dotails are 

T 

described in Appendix n.  The variation of this ratio (denoted 
*(*)g) ia shown in Fie.9.  It will bo seen that for values of t y a 3 and 

for the range of aspect ratios considered the effect of taper and aapeot 
ratio is small, and fcr moat practical purposes equation 21, though 
derived for win a of elliptical plan form, may be used for tapered wings. 

5. Comparison with axperir-ent 

\ number of experiuontal results derived frau wind tunnel tests on 
a variety uf uodal  urines and oomplote model aeroplanes, including two 
swept back ..ings, havu b;en examined an the light uf the theoretical 
results described above.  In each cose the. Deasured value ol" < v/.~, was 
converted tu the standard aspect ratio 6.0 and the standard value of 
a_ = 5.5 by means of the curves of i'ig. o.  The result was then converted 

to a. full span dihedral by neana of the curves of Fig. 2.  The final 
value of   Ü, M; is plotted against    t    in Fig. A.       It will be seen 

that the scatter of the resulting points iu gratiiyingly aoall and i moan 
line, (marked s) can be readily drar.ii through these points.      This 
line can be represented by tik- ei.ipirical equation 

I" 0.65 • 0.17 t .23 

The curve marked A (in Fig.4) has been determined wholly from 
the theoretical calculations of ftoarsan" and Hartshorn?.       Tho mall 
scatter of the «xperioontal points and the close sgreerinnt between 

A and B provide a valuable confirmation of the theory. 

.i^r^c rejnsrus M the aurpricingl:' snail effect of taper ratios 
on rolling B'.iae»:t as indicated by the auill slope of the line £, wwiM 
not be out of plsce litre.       If we rsv^r* t:. y,-_ ..rude theoretical 
ap:roach, ir. -tioi., .n'luced   effects due t^ the .i-ow symmetric incidence 
chjnj'.'i »re nr'lectud,   jid tj>   charge   f iii"t >lth incidence is assuood 

16 
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Ittetb •••** aa for symmetrical losing, then It ia easy to see 
that the rolling moment ahould be proportional to tiie first monant 
of the area'   of each half wing. 

We than find that 

i - 4 (i - *). ,2k 

The ourvo marked B in Fig.k has been derived on the basis of this 
.relation, and the narked disparity between the slopes of curve H and 
those of A or E will be apparent.  It follows therefore, that the 
large effect of taper ratio, that one tends to expect on the basis 
Of arguments sitdlar to that of the crude theory, is aljuost entirely 
nullified by the accompanying induced changes of dcrrowash, which 
are therefore uuoh too important to be negleoted, 

6. Conclusions, summary of main formulae and example 

6,1,   Oonolualons 

6.1.1. The effect of dihedral in sideslip is equivalent to 
that of a skew-syumetrin change in the incidence distribution in 
unyawed flight, such as is caused by a non-differential noveuent of 
the ailerons.  The theory of the rolling moment caused by aileron 
movement is well developed, and readily transformed to apply to the 
oaae of dihedral in sideslip. 

6.1.2. For wings of elliptio plan form the rolling moment is 
proportional to the dihedral and sideslip angles (assumed small), to 
a function of the dihedral span (Pis.2) and to a function of the aspect 
ratio (Pig. 6a).  The forn. of this latter function is the same as that 
controlling the change (with aspect ratio) of the lift curve slope in 
straight unyawed flight, except that it relates to an effective aspect 
ratio half of the geometric aspect ratio. 

6.1.3. For tapered wings the sane conclusions apply, and in 
foot for rough estimates the effect of taper may be ignomd and wings of 
normal plan fonr. may be treated as elliptical.  More accurately, the 
effect of äihcdr--l span and the variation of the constant of propor- 
tionality, i.e.  ivl/  , with taper can be ibtainod from Figs.5 and 

4. 
1 *!/,-. 

6.1.4. C;j.:parisMJ of the theoretical deJucfcUius with the 
available exjeriir.sntal remilts showa very satisfactory agreement (Fig.lt); 
thi3 indicates that swe«pbaek nnd interference due to the presence of a 
fuselage or nacelles hnve negligible effects en the contribution to *Y 

due to wing dihedral. 

6.1.5. The contribution to   J   uaused by wing flexure under 

the aerodynomio loads in flight is siuply expressible in terus of tip 
deflection, and in practice, this effect is only slightly dependent 
on wing taper and can be readily determined for the type of flexure 
that normally occurs (neoriy parabolic);     (Pigs.8 and 9). 

-17- 
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6.2.        StSUCt 8- laain^fornulaa 

The main formulae for A   due to wing dihedral derived In thia 

note are. hare summarised as follows: 

6.2.1«    Thi-lfnnn full and part spar, dihedral 

(1) Vor elliptic wing 

^•0.74(l-yd2)
3/2P(jE>a«) 

r »(6, 5.5) 

(11)   Vor tapered wings 

-i_ 

*-. 
/—-ij - 0.65 + 0.17 * (ace fi&W), 

'*(y4» f)  i" found froti Pig. 5, and 

p(* • _> ) j. i4  _ _  _     .      ^    __ _____—— i3 a correction factor for aapeot ratio and 
P(6, i.5) 

two dimensional lift curve slope and ia given In Fig. 6. 

6.2.2,  Variable diheOril distribution L Y(y) J 

(1)    Elliptic wing (general) 

-•£. » 0.74 
F(_., a») 

T •    P(5, ü.5) 

1/2 
Y(y).3jr (1-y2)  dy. 

(11)   Blliptio wing (three spanwise part« of oonatant dihedral 
differing fro— each other) 

1 
*•'"> 'r^d-y^Cr^V - / • 0.74 

T     P(6. 5.5)  / 

•(i-ya.')"
z(rj- V f • 

'*2 

-16- 
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(tu; ^«.«-'—«--—^—* —•" 
fw» eaoh other)' 

A--'V—1P(6. 5.5)   (/ 4l 

(ir)      Wiptio wing (fl«*»*. **«• 1-6  * »  « » 

F(*t a»)       "1   . -vr8;^-^ • 
(t)        ,ap.rad wins» («««*) «^W 

«r, preoi^ly. "he» » « 2, *e hav» 

«her.f(*)j    U givsn in ?ig.9. 

«„. fete rolling mooent derivaw" T-V 
SUWO.O « «quire the ro• t for thB 1* 

«. total dihedral *M ^ÄfficÄ^- 
ahipe »henm in /i«.ia anu. w*» 

^ .   22 ft. 

b2 -   * «. 

t .   60 ft. 

. .    0.5 

jB •   8.0 

a -   5.7 

Y .   ^° - -0.087 rad, 

Y .     JP»   Ö.«2 rad. 
T2 
Y . .   8° -   0.W5 rad. 

aarodjg 
yor atraUht flight. i.e.      ^tal 

t^i  .    0.015. 

weight 
Jsaä «i i 

» 
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tbsn »U   • 0.367 and yd   »0.90. 

Formulae 5.2.2.(ill) id (v)(for tapered wings) give the total affaot 
on   Ky due to dihedral angles Y^ y& end V.and wing flexure. 

7romFlg.lt. (ourve E)   '      1 I     a   -0,701, 

ftmrig.6  — «2iS« 5i7)  .  1.105, 
F(S. 5.5)      P(6, 5.5) 

fro» Fig. 5   fCjr^, x) . 0.783, t(y^, ,) . 0.0J7 

ana from Pig. 9 f(t)&  > 1.15, 

, using the above formulae for tapered wings m  have 

V r /   P(6, 5.5) 
t 

• a701 . 1.105( ["-0.087 • 0.783 (0.052 • 0.067) • 

* 0.097 (O.U. - 0.052)] + 1.15 . 0.015 I 

"  0.037 

If expreasions 5.2.2^11) end (IT) corresponding to an elliptic wing 
are used inateod of those for tapered plan form, the following result la 
obtained 

• 1.18 Lj 
- 0.0U. 

It will be   appreciated that the difference of about lOJf between 
the above •stlamtes of  <T would not be present If a »las "lth a taper 
ratio of about 0.5 bed been conaldored instead of 0*3 

- 20 - 
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Appendix I 

i. Bjjteg-gBaB&JiBg £ 
symmetric inoidenoe distribution of 

KiagS£igSSt3Eg3 

.    1.1. Elliptic winn 
Ho originality can bo claimed for the following theory, Hunk2, 

Scarborough'* and Hartahorn? ore in the main responsible for its 
development.      Its salient features are reproduced here for the sake of 
completeness.      It is believed, however, that the application of  • 
the theory to the determination of the rolling moment due to dihedral 

..    in sideslip is somewhat novel. 

• -0 

Consider an elliptic wing of span 2a and mttimm ohord o„. 
»o define the parameter   6   by the relation 

ya » - » ooa    e. ......25» 

o   »   o0 sin   9,    for an elllptlo wing, ......25b 

where   o   la the looal chord corresponding to   y   the apanwiae 
Ordinate (expressed as a fraction of the semL-epon). 

Ye assume: thj cireulatlon r(8 ) is e-^ven by the Fourier series 

K(«) - I* V  I A„ sin si,  26 

- Ä- 
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It 1« readily shown, 4a in standard text books, (e,<j. ref. 12), 
that the downwaah at the wing w ia given by 

w sin 6 M v Z n , sin n8. .27 

0» baaio relation 
circulation at any apanwiae station la 

eonnooting the local lift ooeffloient C^ and 

K(6) - Cj, £ 7. .28 

But «i, la related to the local inoidenoe (a - W/V) *y 

•L (a -Ä) .29 

«bar« a   ia the effective geometric inoidenoe. 

If wa suppose a to be composed of a part span skew symmetric 
distribution of constant magnitude superposed on a constant inoidenoe 
<»0, ws can write 

.30 

a m a0 • f(e) on , 

where f(e) • 1.0 from  6 - 0 to  o « 4,,      say, 

• 0 from   6 • $  to  0 • * - 0 , 

••4.0 frui e»i.^toe> «. 

From 28 and 29 we have 

K(6)-Ä  »^ (a-?), 
2 V 

and substituting for w and K(6) from equations 26 and 27, we find 

£ in sin n 0 (n uQ • 1) • J»e o sin 6, 

•d.. 

.0. 

••>* 
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( 

t Ajj «in nB (nj^ + l) sin nS de   •   / ^ i    sin 8 sin n8 dB 

/• 
i  M»   a r •  / n   a   ain e »In   n8 d8 + 

r •*   f (e) te   «In 8 »In n6 «, 

Jharrforej   for n • 1 

^ (n ^ • 1) 1   -   n{ a    i o   o 

and for n *• 1 

2 2 n-1 n*l 

ain (n-1 (»-»1        aln f.u.11  (*-*1 

n-1 iwl ] 
fo0 • 1) 

.2        H> 

,ab   »      *j " ^ " 

ÄO In (2n.ll «     In. (2n»l) » 

(2 n M•   • 1)  t.      2n-X 2n+l 

.32 

Hü local a   at any point 
L 

.2jtm -& 
oV o 

I A    aln n 0. 

i 
Th general,  for any tc-binati^n &f syBBotria and skew «yjwvtric lnol- 
danoe distributions,  the n-id ten-a derive frao the sjnmtrlo and tha 
«ran ten» fron the skew avsswtric ill atributim«. 

26 - 
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hanoa the rolling monsat ooeffioieot la 

•*/ 

^|7^.-i   /iÄI^rfn»«),^,^  ae 

/' 
(I A^ ain ae) sin 28 d» 

'7   *2 

2(2 M. • 1) 
Lin * - £Ü5-a~l 

Bot «a oannrite 

Mo 
OD 
 • 

* At' 

*  ». 
2(2 u   • 1)      2* 

K.A 

.33 

MM  ...(•tn i - JJ4JÄ) - it  aia3, 

'*  »-»/>' 
3/2 

tha rolling ncoant ooeffioient ia 

°* -f *Ä- (1"y-2) 3/2 

For a wing with dihedral ' in aldaalip, tha aidaaliy angla being 9 , 
«ha In inoidmoe la gliren by 

<l - 

'-*.*'• 
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1 
[ tan (ta)|  • tan p sin I , 

la     ««•  p  P 
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 57 

If p and P «ro small and measured In radians« 

Hone«,from 36 

^   !2l /     !• L      „ 2,3/2 

Vor a full apan dihedral y, • % and henoo 

•T1-* * .39 

It follows that 

V'M 

2 3/2 
The function (1 - y)   therefore la the ratio of tho rolling Moment 

in »ldaalip due tu part 3pon dihedral to that due to full apan dihedral» 
It la plotted in Piß.2.  The quantity «g determines the espeot ratio 
effect, and is shown in Fig.6. 

1.2.   Tapered wings 

The above theory for elliptio wins» is readily extonded to 
tapered wings (ace for oxajaple rofs.5, 6 and 7) and the details need 
net be reproduced hero.      The rolling moment coefficient can again 
he derived in the fona of equation 33 above. 

I  2  .     te, 
1*   ta 

.U 

«here   —     cannot now ho expressed in a simple    analytic     form, aa 
ta 

was possible above, fur tl». elliptic winu, but must he. .lemnrdnud 
iwwrioally.      Using the euleulctiona of refs. 5, 6 and 7 the curves 
Of Fig. 5 and Fie. 7 have town derived fcr oho effects Ox dihedru 
•pan and aspect ratio.      In each cose it will b* seen that tor nuruul 
taper ratios the curve» are very elude to thoee derived ooove for a 
wing °r elliptical plan i'ona. 

•*»- T 
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1« •»BlatleoBhlp between £**£& with porabollc flexure (ai2| SBJLS 
wing of the game plan fona with constant dihedral ana having tue 
»ana tip deflection (tapered wings) 

For a. wing with parabolic flexure, the defleotion 6    at the 
epenwise position   y   is given by 

•  • • • Jt. - y2.  42 
•l 

Henoe, the local dihedral angle Y(y) la given by 

Y(y)-i |2ä« 2^y-2'"1
8 y,    43 

s .By     • 

«here l\   . &*1/. • ••••• 44 

In eld—lip the eorrespondlng change In effective incidence ia 

•a (y) -   Y(y)    0.2   P   y   0 45 
o 

Consider the sane wing without flexure but with a. linear skew 
ayanetrio ohonRe in liatribution of inciöence due to, say, rolling 
at constant angular velocity p.  Then the change in the effective 
Incidence at the spenwiae station y due to the roll ia 

' *P lr> - V2 .46 

i, the distributions of the changes In effective incidence in 
the two caaea are identical if we have 

ipj. - a » 2 r' ß, .47 

4a  .  ia the change In the effective local incidence at the tip 

due to rolling. 

Fearaon has developed? the analyaia of tapered wings rollin;, with 
uniform angular velocity p, on the assumption thi>t the distortion of 
the trailing Tortioes could be neglected, roducmt; the problem there- 
fore to that of the win£ in straight unyiwed flight with a linear akew 
aytuaetric change in the incidence distribution.       In ref.6 it la 
ahown that the rolling morion t coefficient satisfies the uquntion 

1 
l.i      I 

4 ia *X 

29 
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*»• Ag* la tho ooeffiolent of «In 2 6 In the Fourier aerie» 

•assumed in the analysis to describe the circulation distribution. 

We have'seen that stallarly for a wing with-a constant 
dihedral angle p , the rolling' boment ooeffiolent in- sideslip 

o 
1« given by 

4 •* « fr] .49 

«here Ag is, likewise, the ooeffiolent of sin 26 in the corresponding 

olroulation Fourier series.  If wo volte 

V 
» P, 2' and 

A,' 
Aa 
Pi 

C 

then the ratio of the rolling moments in the two oases la 

»2  '"0ß 

•Xf 4M now .replace the rolling wins by the wing with the equivalent 
parabolic flexure, I.e. replace oa   by 2 P ß (equation 45), then 

Pi 6 
the ratio-of the rolling laouent becomes 

2 F,' 
ffr),   . aajr. .50 

"This ratio is therefore the ratio or tho rolling moment ooeffiolent 
for unit sideslip of a parabollc-iUy flexed wing to the rolling moment 
ooeffiolent for unit  sideslip of the unflcxed wing with full span 
osnst&nt dihedral giving the saue tip displacement.      rraoi the cal- 
culations-of ref.6 the mtio 2 V2'A,   «as determined for   taper 

..   ratios of 0.25, 0.50, 0.75 and 1.0 and for aspect ratios of 4, 6 
»   and 8 and the results are shown in Fig.9. 

-JO- 
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