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ABSTRACT

When a plane harmonic wave has oblique incidence on a stack of
homogeneous dielectric slabs, the field in each layer consists of an
outgoing and a reflected wave. The complex amplitudes of these plane
waves in layer n are denoted by Ap and B, and simple recursive re-
lations are derived for Apn+] and By4+) as functions of A and B,,. The
solution begins by setting A = 1 and B, = 0, and it is completed by
calculating the transmission and reflection coefficients of the plane

multilayer as simple functions of Ay, and By, Where N represents
the total number of layers.

This technique is also applicable when a plane wave is incident
on a multilayer dielectric cylinder or sphere. The required equations
are derived for the cylindrical case with normal incidence. The rigorous
solutions and digital-computer programs are included for both principal
polarizations for plane and cylindrical multilayers.
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EFFICIENT RECURSIVE SOLUTIONS FOR
PLANE AND CYLINDRICAL MULTILAYERS

I. INTRODUCTION

The transmission and reflection coefficients of a plane dielectric
multilayer are pertinent in the design of radomes and in other appli-
cations. One type of corner reflector has one of its three conducting
surfaces coated with several dielectric layers which arc designed to
produce a right-circularly polarized reflection when the incident wave
is right-circularly polarized. Multilayer dielectric spheres and cy-
linders form an important class of antenna scanning and echo enhance-
ment devices.

A matrix -multiplication solution for the plane multilayer is
described by Collin[1]. This matrix solution represents a distinct
advance over the older methods. A recursive formulation developed
here is even more straightforward in its theory and more efficient for
numerical calculations. The technique is applicable also to radially
layered cylinders and spheres, waveguides containing two or more media,
and surface waves on plane multilayers.

This report presents the derivation of the recursion formulas for
plane and cylindrical multilayers. The two principal polarizations are
considered, and digital-computer programs are included. This solution
can be applied directly to the analyses of inhomogeneous slabs and cy-
linders by using piecewise uniform approximations for the permeability
and permittivity functions.

II. THE THEORY OF THE
PLANE MULTILAYER

Suppose a harmonic plane wave in free space has oblique incidence
on a plane multilayer consisting of N homogeneous isotropic slabs, as
indicated in Fig. 1. Letd,, *."n and ¢, represent the thickness, permea-
bility, and permittivity of slab n. The slabs are considered to have
infinite width and height and parallel surfaces, with unbounded {ree
cpace on both sides of the multilayer, The incident plane wave impinging
on the left-hand surface of the multilayer is given, in the TE case (i.e.
perpendicular polarization) by
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Fig. 1. A plane multilayer, illustrating the outgoing and
reflected waves in each layer,

i jkoy 8in® jk,z cos®
(1) Ex = E, e e ¥

where 0 is the angle of incidence, ko = 2w/\, and N\ is the free-space
wavelength, The reflected plane wave is given by

(2) E; =RE_ eikoy sind _-jk,z cos® :

where R is the reflection coefficient of the multilayer, The transmitted
plane wave on the right-hand side of the multilayer is represented by

(3) E; =T Eo ejkoy Sine ejkoz COSe .

where T is the transmission coefficient of the multilayer. The field in
each layer can be regarded as an infinite series of plane waves bouncing
back and forth, but it is more convenient (and equally valid) to consider
it to be the sum of only two plane waves, one traveling outward and one
reflected. v
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In iayer n, for example, the field is represented by
(4) E, = (An eYnZ B, e-Ynz'k JKoy sint
Similarly, in layer n+l the electric field intensity is given by
(5) Ep+l = (AnH eYntl? 4 Bp+l € 'ntl Z) eJKoy sinb
The boundary between layers n and nt+! is located at

(6) zn=dy +d, +dy +++d,, .

By enforcing the boundary conditions on Ex and Hy at z = z,;» we can show
that

(7) An+1 =P, A+ Q B
and

(8) Bn+1 = R, Ap +S, B,
where

(9) pn = 0. 5 (l -+ “n+l Yn/pnYn+1) e(Yn-Yn{-])zn "
(10) Qn =05 (1 - ﬁn+lYn/;"nYn+i) e'(Yn+Yn+1)zn
(11) R, =0.5(1- ;1“+1Yn/;*nyn+l)ewn+Yn+1)zn
and

(12) Sp = 0.5 (1 +f‘n+1Yn/ﬁnYn+1)e'(Y"' Yntl)zn
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The propagation constant y, for layer n will be complex if the
medium is dissipative. Both the real and imaginary parts of y, will be

positive. If layer n is a lossless medium, y, will be purely imaginary.

The wave equation is employed to obtair the following equation for y :

(13) Yy = i@t fige, - K sin?0 .

The reflection and transmission coefficients of the multilayer
(R and T) are often of particular interest. We can calculate these
quantities in a systematic manner by setting

(14) A = 1
and
(15) Bo =0

and then using the recursion equations Eqs. (7) and (8) to calculate A,,

Bi, Az, Bz, ..« AN+l, and BN+1 in that order. This process is usually

carried out on a digital computer.

From Eqgs. (1) through (4),

(16) E = A

N+l °*
(17) R = BN+1 .
AN+l
and
(18) T
ANt

i
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In the TE case the constants Ay and B, represent the electric
field intensities of the outgoing and reflected waves in each layer. In
the TM case (parallel polarization) the solution proceeds in the same
manner. In fact, the equations given above apply in both cases but the
A, and By, represent the magnetic field intensitier in the TM case and

Fln+1 and M, must be replaced with £n+1 and En in Eqs. (9) through (12),

If a perfectly conducting sheet is placed on the right-hand surface
of the multilayer (i. e., on the xy plane), the solution is again given by
the equations above with the exception that we do not calculate the trans-
mission coefficient T in this case, and Eqs. (14) and (15) are replaced
with

(19) A; =1 and B; = -1 in the TE case
and
(20) A; =land B; =1 in the TM case.

Equations (19) and (20) are obtained by forcing the tangential electric
field intensity to vanish at the perfectly conducting plane,

The insertion phase delay, denoted by the symbol IPD, is equal to
the phase angle of the complex transmission coefficient T but is of opposite
sign:

(21) IPD = - Paase (T)
In the previous equations, the reflection coefficient R is defined as

the ratio of the reflected wave amplitude to the incident wave amplitude
at the coordinate origin; that is,

_E.(0,0,0)

(22) R . for the TE case
E (0,0, 0)
and
r
HZ(0, 0, 0)
(23) R=_— —__ for the TM case.

H,(0, 0, 0)




Let R' represent the ratio of the reflected and incident wave amplitudes
at the point of incidence where (x, ye2) = (0,0,d), with d representing the
total thickness of the multilayer. Then

(24) R' = R e ~2ikod cos®

Equation (24) can be verified by means of Egs. (1) and (2) and the de-
finition of R'. The two reflection coefficients, R and R', differ only in
phase.

A digital-computer program based on these equations is given in
Appendix I, and some numerical results are included in Section Iv.

lII. THE THEORY OF THE CYLINDRICAL
MULTILAYER

Consider a plane harmonic wave in free space to have normal
incidence on a dielectric cylinder of infinite length, as suggested in Fig.
2, The cylinder axis is taken to be the z axis in a rectangular coc+linate
system, and the x axis is the axis of propagation of the incident plane
wave, Let the cylinder consist of M lossless homogeneous layers, each

PROPAGATION _ (3 (% (¢ i X
AX1S

]

Fig. 2. Circular dielectric cylinder with several
homogeneous layers.




layer being a circular cylindrical shell, The permeability and permit-
tivity of layer m are denoted by p,, and ¢,,, and the phase constant is
given by

(25) ke = o[Emem -

In the TM case the electric field intensity has only a z component, given
in layer m by

(26) E,~= }/ [Amn Inlkmp) + B, Np(k,p)] cos no,

n=0

where (p, ¢, z) are the cylindrical coordinates and J, and N,, represent

the Bessel and Neumann functions. The time dependence, ej¥t, is under-
stood. In the TE case the solution is obtained from the equations given
here by interchanging p and € and E and H, where H represents the mag-
netic field intensity.

The coefficients Ay and B, , must be determined by applying the
boundary conditions on E, and H,, at each interface, Frcem Maxwell's
equations, the ¢ component of the magnetic field intensity in layer m is
given by

(27) Hp, = (kyy/ jopy,) S‘ [Amn Jalkmp) + B N'(kpyp)] cos ne ,

n=0

where J;, and N_ denote the derivatives of the Bessel and Neumann functions
with respect to the argument,

Let Ry, denote the outer radius of layer m, From the boundary
conditions at this interface between layers m and m+l, it is found that the
wave expansion coefficients for the two regions have the following linear
relations:

(28) Am+l,n = UmnAmn * WmnBmn

and

(29) Bm+l,n ® Vmn®mn * XmnBmn °*
7




where '
(30) Umn = ("R /200) [ +15%md 5 m R Nk #1R 1) '
b km 1 Ik R IRk e R )] s '
(31) Vmn = (ﬂRm/Zp,m) [ P-m+lkrnJl"l(kam)Jn(km-i-lRm) l
= umkaJn(kmam)J;l(km,LIRm)J .
- = '
{52} wmn - ("Rm/ZP‘m) [ P'm+lkmNn(kam)Nn(km+lRm)
b
+ pmkm+1Nn(kam)N;l(km+lRm)J , .
and
(33) Xn = ("R, /2p) [ pm+1kmN;l(kam)Jn(knl+lRm)
1}
- p‘mkm+1Nn(kam)Jn(km+1Rm)] =

If the coefficients in the first layer (A, and Bj,) were known, the
coefficients in the remaining layers could be calculated by using Eqs. (28)
and (29) recursively., To permit a procedure of this type, let us define a
set of normalized coefficients A[,,, and By, related to A, and B, by
the proportionality constant Kn as follows:

(34) Amn = Kn A,
and
(35) Bmn = K, Binn *

With no loss of generality, let

(36) Ap=1. l
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If the center layer is a dielectric medium, the field must be finite at
the origin and

(37) By = 0.

The normalized coefficients also obey the same recursion formulas and
we can now calculate Azn, Biny +.. AMn» BMn, AM+1, n» and Bivﬁl.n
in that order, )

The field in the exterior free-space region is given by

L8

(38) Ey+l = [(-5)" e, Inlkop) * Can(z)(kop)] cos n¢ ,

1]
(@)

n

where Hn(l’(kop) represents the Hankel function and k_ is the phase con-
stant of free space. The first series in Eq. (38) represents the incident
plane-wave field, and the second series is the scattered field which con-
tains outward-traveling waves only. The function e, is unity if n = 0, and
en = 2 if n is greater than zero,

The field in the exterior free-space region is also given by Eq. (26)
with m = M+l, Comparison of the two representations reveals that

(39) AM+1l,n - j BM#l,n= (-3 ey -

The constant of proportionality, Kp, is found from Eqs. (34), (35), and
(39) to be

(-j)" e,

(40)  Kp= —r———1
AM+1,n‘J BM+1,n

The scattering coefficients for the external region are given by

. = (-J)n en B'
(41) Cn:JBM'I'l,n: Mtl, n .
B! +3 A
M+l,n" d M+l n
Y




This completes the solution. Equation (26) can be employed to calculate
the field at any point in the dielectric cylinder, and Eqs. (38) and (41)
are used to calculate the field at any point outside the cylinder.

If the dielectric media are lossless, it may be noted that the con-
stants A;nn' B;nn' Umnn® Vmn* W and X are real. The external
scattering coefficients, C,, are complex.

mn

In the case of a perfectly conducting circular cylinder with one
or more dielectric layers, let ""a'' be the radius of the conducting
cylinder and R; the outer radius of the first dielectric layer. The above
equations again give the solution if Eq. (37) is replaced with

Jnlkya)
(42) Bijnp = - —— for the TM case,
Nn(kl a)
and
1
(43) Bin = - Jn_(kﬂ for the TE case.
Np(k; a)

Equations (42) and (43) are obtained by setting Ez = U or E¢ = 0 at the
conducting surface., ,

At any point in space outside the dielectric cylinder, the scattered
field is given in the TM case by

(44) E8 = (-5 en Dan(kop) cos no ,

[Na gt

where the superscript (2) is understood on the Hankel functions H (kop) and

1
"PM+l,n

coal
tJiAMYLn

(45) Dn= —

1
M+l,n
In calculating the scattered field at a great distance from the cylinder, we
use the asymptotic form for the Hankel functions of large argument to show
that

(46) E® = NZjlwkop e "JkoP

enDn cOoSs n¢ .

o
\
-
=0

10




When a plane wave is incident on a cylindrical structure of infinite
length, the distant scattering pattern is conveniently described by the
echo width whicl: is defined as follows:

(47) W = limit 2mp | ES/E!?

p o

In Eq. (38) the incident electric field intensity E! is taken to have unit
magnitude., From Eqs. (46) and (47) the bistatic echo width of the multi-
layer dielectric cylinder is given by

” 2
(48) W = (2\/m) y e, D, cos no R
p—

n=0

where N is the wavelength in free space,

A digital-computer program based on these equations is included
in Appendix II,

IV. NUMERICAL RESULTS

Figure 3 shows the transmission coefficient and insertion phase
delay versus frequency for a plane multilayer, calculated with the aid
of the equations in Secticn II. Numerical calculations obtained with these
equations have been found to agree with those published by other investi-
gators.

Figure 4 shows the distant scattering pattern of a cylindrical
multilayer, calculated with the equations given in Section III, These
equations are also found to yield results which agree with previously
published data.

V. CONCLUSIONS

An efficient recursive solution is developed for the transmission
and reflection coefficients of a plane multilayer and for the scattering
pattern of a cylindrical multilayer. The two principal polarizations are
considered, and digital-computer programs are included. The technique
is also applicable to the multilayered sphere.

11
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The appropriate equations are also given for the reflection co-
efficierts of a perfectly conducting plane which is coated with a stack
of homogeneous dielectric sheets, and for the scattering pattern of a
perfectly conducting circular cylinder coated with several homogeneous
dielectric layers.
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APPENDIX 1

COMPUTER PROGRAM FOR THE PLANE MULTILAYER

A computer program for the reflection and transmission coefficients

of a plane multilayer is shown in Fig, 5. This program, written in the
computer language known as Scatran, is based on the equations given in
Section II. The symbols used for the input data are defined as follows:

KKK =

N =
D(1)
E(1)

TD(1)
u(1)
TP(I)
THETA
FGC

Some of the other

TH =
WAVE
SS

(&
UcClI)
EC(I)
G(I)
Z(1)

Number of cases to be calculated with different
frequencies or angles of incidence
Number of layers
Thickness of layer i in inches
Dielectric constant of layer i relative to that of
free space
lectric loss tangent of layer i
Permeability of layer i relative to that of free space
Magnetic loss tangent of layer i

= Angle of incidence in degrees

Frequency in gigacycles
symbols used in the program are defined below,

Angle of incidence in radians
Wavelength in free space, inches

sin? 6

cos 9

Complex relative permeability of layer i

= Complex relative permittivity of layer i

y/kg for layer i, as given by Eq. (13)
kozi where z; is defined by Eq. (6)

The field intensities, Ap and B, of the outgoing and reflected waves in
layer n are denoted by

AE and BE
AM and BM

for the TE case without a conducting plane,
for the TM case without a conducting plane,

AEC and BEC for the TE case w:th conducting plane, and
AMC and BMC for the TM case with conducting plane,

Between statements S30 and S50, the recursive calculations are carried

out in accordance

statement S50, the transmission and reflection coefficients are calculated
(17), (18), and {24). These coefficients are denoted by

by means of Egs.

with Eqs. (7) through (12). Immediately following

15




TE = Traunsmission coefficient for the TE case without

conducting plane,

Transmission coefficient for the TM case without

conducting plane,

RE = Reflection coefficient R' for the TE case without

conducting plane,

Reflection coefficient R' for the TM case withonut

conducting plare,

REC = Reflection coefficient R' for the TE case with a
conducting plane, and

RMC = Reflection cocefficient R' for the TM case with a
conducting plane.

™™

1]

RM

The symbols used for the output data are defined by

REP, PRE, TEP, FIPDE

Power reflection coefficient,
reflection phase, power transmission
coefficient, and insertion phase delay
for TE case without conducting plane;
RMP, PRM, TMP, FIPDM = Power reflection coefficient, reflec-
tion phase, power transmission co-
efficient, and insertion phase delay
for TM case without conducting plane;
RECP, PREC = Power reflection coefficient and
reflection phase for TE case with
conducting plane; and
RMCP, PRMC = Power reflection coefficient and
reflection phase for TM case with
conducting plane.

A typical set of input data in the proper format is shown at the end of the
computer program,

This program will handle a maximum of 100 layers, but this number
can be increased to a much larger number simply by modifying the dimen-
sion statement near the beginning of the prograni, Many of the statements
can be deleted when the multilayer with a conducting plane is the only case
of interest, or when this case is of no interest, Furthermore, the program
can be simplified if all of the layers have the same permeability as free
space. A simple modification in the program can provide for increments
to be taken in the frequency or the angle of incidence,

16




* 9% % RuUIN

* 3% SCATRAN
COMPLEX (CSQRTL e eCEXPL e Cl ol 1CoFreGaAF s AMBFE ¢RBMIAFETC ¢RFC 4G7 o
AMC oBMC eF oYl o YT T aFXP 1 oFXP I e AFPDJAMP (EXP ¢RFE ¢ RMGAFCDOD JRFC o
AMCP e RMCoFPeFMe T e TM)Y =
DIMENSIONIDII TV e F (1M e TDUINM) I (1NN TRIION) 47 (10N,
UCIINO)Y sECIND) oG (107) Y=

FIRST READ INDUTe8Be (KKK ¢N ) =
RFAD INPUTeT7«((D(TI)Yel=10ele!lelFer))~
READ INPUTe T« ((F{l1)el=1elelelFeN))=
READ INPUTs7¢((TD(T)el=1ele!elLFaeN))=
RFEFAD INPUT e 7+ ((U{(T)el=1ele!elFeN)I=
READ INPUT« 7« ((TP(]I)el=10e1eletFeN))=
NN=N+1 = :
NO THROUGH(SS)el=1e1e]lelLE et~
Fl=]=-

S5 WRITE OQUTPUT 2 (FLeD(I)eF(1)eTN(I Y1 {(]1)eTO(]))=
TPI1=€.283185-
NR=57¢295779-
Cl=elele=~
FC(NN)=1e=~
UCINN)=]e=
Z(0)=eD=
WRITE OUTPUT 2~
DO THROUGH(STI 0 )oK =1 0] e KoL F ¢XKKK=
READ INPUT e 74 (THETAWFGC )=
TH= M1 745329% THETA-
WAVE = 118N314/FGC~
WRITE OQUTPUT e 2¢ (THFTAFGC e WAVF )=
WRITE OUTPUT 2~
CR=SINe (THY#S INGg (TH )~
CC=CO0R[e (TH) =
NO THROUGH(S?2 ™ )Yel=1elelelLF eN=-
UCITI=U(TIR(] e=C1RTP(]) =
FCAII=F (1) %# (] «=CIRTD(])) =

5§29 GlI)=CI#CSARTL(UC(IY#FC(])1=CC j=
GZ=CI#CC-
G(NN)=C1#CC=~
NO THROUGH(SIMN ) el=1elelelf oN=-
I[1=]l=1=

S30 ZC1Y=zZCIIY+D (1Y *TP1/%AVT -
AF = ¢S# (1 e+UC(1I)RG7/G(]1) )=
RFE= ¢5% (1 e=lIC(1)YRGZ/HE1 Y )=
AM= ¢R¥ (|« +FC (11 #C2/C (1)) =
RAMz ¢ R# (| «a=FC(1IRG7/7 (1 )=
AFC=]le=
BFCz=1e~
AMC=]e~-
RMC=]le=-
DI THROUGH(SE ™) el1=2el el elLE eNN=
I=1]-1=
FzUC(III#G(1IYy/(UC(IY¥G(11))=
YI=G(Iy#Z(1)=~
YI1=G(11)Y#Z2(])=-

Fig. 5. Digital-computer program for reflection and transmission
coefficients of plane multilayer.
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550

S180

* % ¥

FO=z]o¢+F =
FMz ] ¢=F =

EXPI=CFXPLe{vVI])=
FXPII=CFXxSLe(¥Il)~-

ATP=AF .
AP z=AV
ACCP=AFC-
AMCP =AM -

A= (¢ S/F XD 1 ¥ (AFDRECXP | ¥FD437 $FM/OXD] )~
N2 ¢ SEFXP ][ X (AERKEXD [ RV EE RFED/EYXT ] Y=

ACC= (e BR/F XPIIIYR(LCOCTFEYD [ F T30 A yF /0 Ty
PECzeSEEXP I # (ATATATXD ] ¥ VRECRED /XD ] )
F=FEC(I1)Y%G(IY/(FC (1) ¥Ct]I]))=

FP=] et+F =
FM=] ¢=F =

AMZ (¢ S/FXP T )R (AVOXEXD ] ¥ED LIV HCM /XD Y Yo

IV qREEXPI [ H (AVPREXD [ RT 4« FD e X0 ] )

AMCz (e S/FEXPI I ) # (ANMCPREXD ] HTD4MCHFV/F Y] )=
AMC=eS¥EXPI ] ¥ (AMIPRE XD | a5V IRV RED /T XE T ) =

TE=) e /AF =~
TM=1 e/AM-

ARG=2e¢#CL%2Z (M)~

EXP=COSe (ARG)I=el e INe (27 )=
RE=FXP*RF /AF -

RM=FXP#RM /AM_

REC=FXP*RFC/AFC -

RVC=EXPXBMC /AMC -

TFP= (e ARSeTF ) ePe =

TMP = (e ARS e TM) sP e~

REP=(e ARSeRE ) ePel=

RMPz= (e ARSeRV ) ePe?2-
RFCP=(eA3S%eR¥(C)ePec~

RMCP= (¢ ABSeRM(C Y ePo 2=
FIPNF==NR*FATAND e (e IVAG e T¥ ¢ ¢RTAL T ) =
FIPAVz=aNREFATAN P e (¢ IMA g T ¢?T AL ¢T7) -
PRF=DR¥FATANP ¢ (e IMAM R g o PF N|_eid™ )=
PRM=NR¥FATAN P ¢ (e IV 5 eRV e aRTAL_ RV ) =
PRFC=NRAFATANZ e (0 [VNA T glRT 7 g ¢ AL B0 7 1 =
PRMC=NR¥IFATANL e (e [ MATH DN 4 g0t ¢V ) =
WRITF OUTDNT a2 e (RED(ORE g TEF O3 IMMF Y-
WRITFE QUTDUT e P e (RVMD g PRV TVD W [DM Y-
WRITE OUTOUT 4 20 (RFCR4PRFC ) =

WRITE QUTMIT«2e (IRMCD PRIV ) =

WRITE OUTPHT ¢ 7=

FNPD PROGRAM(IFILST ) -

NATA

1%
4.'1

e 2

Fig. 5

PR IS e 6 ¢« PA
1¢ 7 ZeN 1e5
.‘Wp .ﬁ‘? oI
1e¢™ 1e7 1eM
' " "

Digital-computer program for reflectior and transmission
coefficients of plane multilayer. (cont. )

18




APPENDIX 11
COMFPUTER PROGRAM FOR THE CYLINDRICAL MULTILAYER

Figure 6 shows a computer progra:n in Scatran for calculating the
scattering coefficients and the scatiering pattern of a layerea dielectric
cylinder, based on the equations developed in Section III. The input
data symbols are defined as follows:

FN = Number of layers,

DPH = Increment in scattering angle ¢ in degrees,

RI(I) = Outer radius of layer i in free-space wavelengths,

E(I) = Permittivity of layer i relative to that of free space, and
u(I) = Permeability of layer i relative to that of free space.

This computer program is applicable only to lossless dielectric cylinders
in which the center region is dielectric., With a slight modification it will
give the solution appropriate for a perfectly-conducting center region.
in the form shown, the program will handle a maximuin of 100 layers,
but this can be extended greatly by changing the dimension statement,

In this program the highest order of the Bessel and Neumann
functions required is determined from the approximate equation L = 4
+ kNyRyN» where N denotes the number of layers. In its present form,
the program sets an upper limit of 100 for the maximum order of the
Bessel and Neumann functions,

The wave amplitudes in the various layers are denoted by A(I) and
B(I) for the TM case and AP(I) and BP(I) for the TE case, where I re-
presents the mode number n, Between statements S25 and S26, the program
sets A;n = 1 and B}, * 0 in accordance with Eqs. (36) and (37). Next,
the arguments kmmRm and k.4 ] Rm for the Bessel functions are calcu-
lated and are denoted by W, Between statements $S26 and S50, the Bessel
and Neumann functions are obtained by calling a subroutine. The follow-
ing notation is used:

FIA() = Jilkp Ry )y
FIB() = Jilk, . R )
FNA(I) = Ni(k_R_), and
FNB(I) = Ni(kp+1Rp,) -

In its present form, the subroutine for the Bessel and Neumann functions
is limited to arguments smaller than 1000,
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Between statements S50 and S80, the derivatives of the Bessel
and Neumann functions are calculated. These are denoted by

FIP = Ji(kpRpy)s
= '
FIPP = Ji(k, 1 Ry
FNP = Nik_R_), and
- !
FNPP = Nk, Rp).

Between S80 and S1u0, the constants Uy, Vine Wne 2nd X0
defined in Eqs. (30) through (33) are calculated and are denoted by UJ,
VJ, WJ, and XJ for the TM case, and by UP, VP, WP, and XP for the
TE case. Equations (28) and (29) are employed to calculate A;n+l, h
and By+1, n which are denoted by A(J) and B(J) for the TM case and by
AP(J) and BP(J) for the TE case. Between S110 and S150 the scattering
coefficients Dp are calculated by means of Eq. (45). They are denoted

by D({I) and DP(I) for the TM and TE cases, respectively.

In the remainder of the program Eq. (48) is used to calculate the
echo width of the layered cylinder as a function of the angle ¢. The
symbols for the output data are defined by

PHI = Scattering angle ¢ in degrees,
ECHW = Echo width/wavelength for TM case, and
ECHWP = Echo width/wavelength for TE case.

20
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##%
*4 ¥

FIRST

S2s

s26

'$50

RUN
SCATRAN
COMPLEX(EXP+ES+FF oeFHeD+DP¢ESP )=
DIMENSION(RL(102)+E(IN2)1eU(1021eD(102)+FIALI102)eDP(102)0
FJB(!OZ)yFNA(IOZ)oFNB(lOZ)cA(lOZ)OB(lO?)0&9(102)089(102))—
P1z361415926-
TR=2+#P[ =
P2=P1/2¢~
CST=2e/P1 =
READ INPUTeT¢ (FNeDPH) =~
N=FN-
READ INPUT«Te ((RL(1)e1=1elelelLEeN))=
READ INPUTeTe((E(1)eI=1e1elelLEeN))=
READ INPUTeTe ((U(T)el=1010elelLEeN))=
NO THROUGH(S25)eI=1e1e1eLEeN=~
WRITE OUTPUT«2¢(RL(IVNEC(I)YoU(1))=
WRITE OUTPUT 2~
NN=N+1 -
LA e+ TPERLININSORT ¢ (E(NYFU(N) ) =
PROVIDED!{LeGe100) L =100~
LL=t=1=-
E(NN)=lo=~
U(NN)Y=] o=
TUK=l_ -
DO THROUGH(S26)¢1:00l1eleLEol -~
A(l)=1e~
B(i1)=e0-
AP(1)=1e~
BP(l)=e0=-
DO THROUGH(S110)eM=1e] eMelLEeN=
MM=M+] =
L=lJUK=
W2TPERL (M)#SART ¢ (U(M)IRE (M) )=
CALL SUBROUTINE(FJAFNA+L + IND)=RBFX90e (W)=
W=TPAHRL (M)I¥SORT ¢ (U(MM)#E (MM} )=
CALL SUBROUTINE(FJUBFNBL ¢ IND)I=BF X990 ¢ (W)=
LL=L+1-
DO THROUGH(SS0)e IK=LLeleIKelLEelUK=
FJUA(IK)=e 0=

* FNA(IK)=e0O=
FUB(IK)=eO=
FNB(IK)=¢0-
CNST=P2R#U(MM)IRTP*RL (M) -
CNSTPzP2#E (MM )RTPH#RL (M) =
YMxSQRT ¢ (E(M)/U(M) )RCNST -
YMP=2SARTe (UIMI/E(M) ) RCNSTP =
YMM2SORYe (E(MM) /U (MM ) )#CNST -
YMMP=50RT ¢ (U(MM)/E (MM ) ) RCNSTP~
DO THROUGH(S100)eJ=0s1eJelLEoLL ~
JJzJ+1l=-
FUP==FJA(JJ)=-
FJPP==FUB(JJ) -
FNPE=FNA(JJ)=-
FNPP==FNB(JJ) -
PROVINED(JeE e D)« TRANSFER TO(SB0) -
JIJ=J=1-
FIPzeS# (FUPH+FIA(JIII) ) -

Fig. 6. Digital-computer program for scattering patterns of a
circular dielectric cylinder having several layers.
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FIPP= e S# (FIPP+FUB(JJJ) ) = et
FNP2eS# (FNP+FNA(JJIJ)) - X

FNPPzeS5# (FNPP+FNB(JJJ) )~
s80 FJUZ=zFJA(J)=-
FJ1=FJB(J)=
FNZ=FNA(J)-
FN1=FNB(J)=- "
UJZYMMEF JZRFNPP~-YM#F JP#FEN] - o3
VJIZYMEF JPRF J] ~YMMEF JZ#F JPP. b
WIZYMMEENZ #FNPP-YMEFNORFN] -
XJ=YMEFNPEF J| =YMMEFNZ #F PP~
AJzA(J)=-
BJ=B(J)=
A (J)ISUIRAJ+WIRB I~
B(J)=VIRAJ+XI#BI-
UPZYMMPRF JZRFNPP=YMP#F JP¥FN1| -
VP=YMPRFIP#F J1-YMMP#F JZ #F JPP~
WP=YHMMPXFNZRFNPP=YMP % FNPR#FN{ -
XP=YMPRFNPRF J| ~YMMP*FNZ #F JPP -
AY=AP(J) = 7,
BJU=BP(J) =~ -
AP (J) 2UP#AJ+WP#BJ- '
BP(J)zVPRAJ+XPEBI -
S100 CONT INUE -
S110 CONT INUE -
DO THROUGH(S150)eI=0el1elelLEelL~ :
Fl=1- 4
D(I)==B(I)1/(B(I)+(elele)RA(I))~ :
DP(1)==BP(1)/(BP(I)+(elale)*AP(]) )~
DMAG=eABSeD( 1)~ i
DMAGP=z ¢ ABSDP (] )= -~
S1%0 WRITE OUTPUT«1e(FIeD(!)eDP(1)eDMAGsDMAGP )=
WRITE OUTPUT .2~
M=1890¢/DPH=
DO THROUGH(S200)e1=00¢1¢1elLF oM~
ES=e0- 5
ESP=¢0- %
Fizl- y
PHI =F | #DPH- :
PR=401745329%PH]~ i
EN=1e~ :
DO THROUGH(S180)¢J=0e1eJelLEsLL - :
FFJzJ~ i
COS=COSe (FFURPR )= 5
ES=ES+EN#D(J) #COS~
ESP=ESP+EN®DP (J)#COS -
S180 EN=2e¢~
EMAGP =4+ ABS.ESP- :
ECHWP=CST#EMAGP#EMAGP- .

FRE AN

EMAG=eABSeES- 3
ECHW=CST#EMAG*EMAG- &

$200 WRITE OUTPUT 24 (PHI +ECHWJECHWP )~ s
END PROGRAM(FIRST )~ &

122 DATA :
5e0 Sel :

ol 2 3 o4 5

640 50 440 340 240 ﬁ

140 1¢0 1e0 1.0 140 :

Fig. 6. Digital-computer program for scattering patterns of a
circular dielectric cylinder having several layers.




