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1.
INTRODUCT1ON

The studies briefly desc;ibed in this report stem from
continuing 1nvestigatlons‘of plates and shells under external
loading and elevated temperatures, and include problems of special
inferest to designers of missiles and aircraft. .This work was
performed during the past year'in the Department of Aerospace
Engineering and.Applied Mechanics of the Polytechnic Institute

of Brooklyn on AFOSR Grant 62-200. A summary of the previous
four years of work in this area has been given in PIBAL Rep. ™M~
599 (AFOSR 2280). |

As indicated‘by the table of contents, the research
covered sevefal areas an2 a variety of problems, .Chapter I pre~
sents the results of investlgations of the effects of creep in

'structures,:with éarticuiar emphasis on'the bending‘of circular
plates. Chapter II outlines the work performed on heat conduction
probiems using.Biot's.vafiational method. Chapter I1II discusses
the problem of‘fhe buckling (small«deflection theory) and post-
buckling (large-deflection fheory) of noncircular (oval) cylindri-
cal shells under axial compréssion. Chapter IV. describes work on
the analysis of the effects of concentrated loads applied to rein-~
forcing frames of finite and infinitely long circular cylindrical
shells, Chapter V discusses the results obtained from the analy=-

sis of the dynamic response of plastic spherical shells
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The 1ist of references at the end of this rebbft repre=
sents reports, publications, and theses prepared during the course
of the graﬁt period. The writer would like to take this opportunity
to thank those authors whose names appear on this list for their
16va1uab1e contribhtions to the work performed on this grant,

Also, he would like to acknowledge the financial assistance and
encouragement provided by the Air Force Office of Scientific

Research throughout the course of the studies summarized herein,
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I. CREEP OF STRUCTURES [2,3,6,7]

In the work during the past year on the inelastic be-
havior of structures a creep law governing the behavior of com=-
pressible materials was formulated on the basis of linear stress;
strain relations of classical elasticity and the analogy between

creep and nonlinear elasticity.. The strain and complementary

"energy functions associated with the analogous elastic law were

developed. Also, the nonlinear elastic law was used in deriving
the moment curvature relations governing the lateral'bending of
thin plates. These relatlions were appllied to éreep benéing analy-.
ses of compfessible circular plates. The method of solution was
based on an jterative proﬁedure applicable in general to §uch
plates subjected to radially symmetric lateral loads. Numerical
solutions for moments and deflections were obtained wbich are
applicable to simply‘supporfed and clamped edge circular‘plates
under uniformly distributed loads for a wide range of the para- .
meters involved.

The creep analyses described above have been continued.
The iterative procedure developed and successfﬁlly applied to full
circular plates with lateral loads is currently being extended
for annular plates. This procedure is considerably more involved
than that applied in the above analysis. The reason for the
additional complexity is that not only the edge moment and the
exponent n of the nonlinear creep law enter as variables, but also

the edge shear as well as the deflections.
J
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I1I. HIAT CONDUCTION (5]

Previously reported invesiigations cn heat-sonduction
problems (PIBAL Rep. Nos. 587, 595) were extended and unified,
and a paper [5] was prepared in which Biot's variationel~principle
vis applied'to a number of different one-dimensional heat conduc~-
tion problems.' These examples show the applicabllity of the

variational principle to problems involving preacribed heat flux

”»[bOLndary conditions as well as to problems witn tempelatureb

'dependent material propertie In this work the equ1valence of
Tthe result obtained in applying the uariatlonal pvinc1p1e for a

'7prescr1bed surface temperature h;etorv to that obtained for 2

'wf'prescribed heat fl"x is revealedo

L These studies are ~u*rently belng extended to the pro-l
.blem of the determination of the tempe*ature dietribution in the

'dfregion exterior to e Spherical cavity whose sorface temperature
Tis constant.4 Both Biot s varietional principle and Goodman |

heat-balance integral technique are being applied. )
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I1I. BUCKLING AND POSTBUCKLING OF
NONCIRCULAR CYLINDRICAL SHELLS [4,9]

Investigation of the buckling and postbuckling (nonlinear)
characteristics of noncircular (oval) cylindrical shells continued.
‘The work on the analysis and numerical computations for the pro-
blem of the classical buckling (small;deflections) of long oval
cylindr;qai sheils under axial ccmpression was ccmpleted. Buck=-
ling stresses were obtained for a range of major-minqrvaxis ratio
‘b/a of theAOQal CTossS sectipn of 1 to'2 as well as a range .of the
ratio of average radius to'thiékness ro/t éf 10 to 1500f~'

The results show.thét foila given Value of the latter
ratio tﬁe'buckling stre$é decreases rapidly with increasing eccen~
tricity of the cross éection.: Thus, according to SGallrdeflectibn
theory, the 6§e1.cy11hder‘cén be Qignificant19 weaker than an |
"équivalent",éircular Eylindér ﬁaving’thé same wall thickness
and circumfefential léngth. .for'exémpie;'when ro/ t é 300 the
ratio of the Buckling‘stress of the oval 6y11nder to that of the
equiyglent ci¥cu1ar cylinder 15'6.52'When_5/a = 1.4 and 0,07 when
. b/a = 2, Furthermore, determination of the eigenvectors gbrrgﬁ-
ponding to the buckling stresses reveals that the distbrtion of
the oval cylinder is localized about the ends of the mingr axis,
j.e.y in tﬁe neighborhood of the maximum radius of:curvature of
the cross section. Also, for a‘giveﬁ value of the majoraminor
axis ratio b/a the ceformation becomes more locélized as the

average radius-thickness ratio ro/t increases.
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The results also show that withih the framework of clas-
sical theory a lower bound solution: which torresponds to the {n-
troduction of the maximum radius of curvature in the formula for
the classical buckling stress of a circular cylindrical shell yields
good results for moderate eccentricities, particularly for very
thin shells,

In the associated investigation of the postbuckling
characteristics of noncircular cylindriéal shells, nonlinear (large- -
deflection) theory4is being applled. Just as in the problem of the
buckling of circular cylinders, such analyses are necessary for &
thdrough_uﬁderstanding of the buckling characteristics as weilvas

. to indicate the applicability of and limitations on the classical

-:'hbuckliﬂg fheoiy._"lﬁ the present work a finite trigonometric series

'for thé‘defléction function is being used within the framework of
';;-Réyleigh-Ritz piéceddre. The selection'of the series has been
:ﬂ'Based uppn~fﬁ;t which was reéuired for sufficient accuracy {5 the
B ;bove aeséribed'claééical buckling.analysis as weli as upon the
”<functioq'appiied sucéesgfully to tﬁe large~deflection analysis of
‘the circular cyliﬁder (see Kempnef,vJ. Aero., Sci., Vol. 21, No. 5).
.:In‘additiop tefms'are introduced which Almroth (AIAA Journ.,:-Voly 1,
'-ﬁo. 3) hasashoyn rtcently.to:aﬁford a significant increase in the
" accuracy of the circular cylinder problem, The resulting expres-
ﬁion for the deflection‘anction contains many more degrees of
freedém than that required.for‘fhe circular cylinder solution,
1since it is no longer pbssible to assume that a single characteris-

tic wave length governs the deflected shape in the circumferential
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direction. Rather, the wzve shape in this direction is reépre-
sented by a finite Fourier series. Such a representation is re=-
quired because of the relatively localized nature of the buckledi
It has, however, the advant;ge that continuity of deformation is
ensured. This condition is only met in an approkimafe manner by
avajlable solutiéns of the circular cylinder,

In this work the energy procedure has resulted in:a
set of ;imultaheous nonlinear polyncmiai eduatioﬁéieach of the
third degree -in the:undetermined defleﬁtion ampiitqdes. :The total
number 6f'eqhations'rg§uiring inplusion in this:set is ‘dependent -

upon both the majecr-minor axis ratio and the avereage r%dius-to-'

thickness ratio. When these equations are linearized, the cor=-

responding‘small-de?lection bpckling solution refér;gd to pre:--
viously results. ﬁff.'- A :ﬁ : .

| Ihvgsfigatién.of sevéralwppssible methods of solving
the‘nﬁnlinear equations Iéd to‘thé.cqnclusiqn.thét”the'method of
steepest descent holds the greatest prbmise éf‘sﬁccess. Ac&ord-_
ingly, an IBM~7090 machine program was dgveloped'to solve the
cubic matrix equations for given values of the geometric para-
meters as well as for a given value of the $x131 wave length of
buckles. The latter quantity must be varied until the solution
of the matrix corresponds to the minimum of the total potential
with respect to the deflection amplitudes and the axlal wave

length.
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As a first step in the investigation of the convergence
of the computing program, a circular cylinder was considered
(b/a = 1), For a single r /t ratio, a complete set of calculations
was performed successfully to vield the postbuckling axlally com=~
pressive stress as a function of the unit end shorten1ng._ The re<

sults’ yielded a minimum postbuckling load equal to approximately

'f'15% of the classical buckling loado‘ This result is in ‘good agree-'

‘ffment with one of the recent results ‘given. by Almroth for the cir-
‘cular cylinder.ﬁi~”'ﬁ5f;_”3 ' ' ' »
B In addition;.prel1mlnu1y nnmerical results from the non-.
.linear analysis or the oval cyl*nders reveal postouckllng behavior
' ‘analogous to that o‘ the circurar cyllndere’ Howevcrs the ratio of’
:the min1mum postbucbling load to the clascical buckl*ng load for;}'x"

}jfthe oval cyl*nder is greater than the corresponding ratio for the

;*hfcircular cylinder. For eremple; from conpleted ralculations for an'

'n,;.oval cylinder corresponding to L /*’i 11 and b/a ~ 1 5, the former L

- . ratio is o, 35, while the latter is o 15, Work is currently being

directed towards the large-deflection analysis for a range o. r /t

up to 1500, while b/a varies between 1 and’ 2.
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IV. STRESS AND DISPLACEMENT ANALYSES
OF REINFORCED CIRCULAR CYLINDRICAL SHELLS [1]

This chapter describes the work performed during the
past year on the elastic analysis of circular. cylindrical shellsy
'relnforced at their midlength by a frame subjected to concentrated
.loads and moments.

o Reinforced shells are used $0 eytensively in the fields
-of submarines,'missiles, aircraft, pressure vessels, to mention

'nt.the ‘most prominent, ‘that new investigations ln this area are of

‘ "continuing 1nterest.

f Initiauy, the problem of an infini*ely long circular
cylindrical shell relnloroed at its midlength by a 1ngle ring to
lwhzch ls applied tuo self equllibrating concentrated radial forces

and moments in the plane of the ring has been sclved.
| -Since the analytlcal deJelopment of this problem set a
‘-pattern for the subsequent work in this area, a brief outline A
.'of this analysls of" the ring-shell prcblem follows.
| The shell was assumed to be loaded by unknown line loads,
the reactions caused by the ring, and the solution of the shell
equations uas_detezmined~as a function of the unknown line loads

(expressed as Fourier series with unknown coefficients).
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Because the Donnell shell equations were expebfe& to
lgad to poor results for the lower harmonics, the analysis of the
shell was also carried out using the Flsgge shéll equations and
the Love~Reissner shell equations. The characteristic equation
resulting from the Flagge or Love-Reissner differential equa-
tions is considerably more cumbersome than that from the Donnell
equations and for hammonics n > 1 has not been solved in closed
form,.

In treating the uniform ring, the loading was taken
to consist of the radial and circumferential reactions from the
shell (again expressed as a Fourier series with the same un-
known coefficients) plus the two self-equilibrating diametrically-
opposed concentrated radial loads and concehtrated moments in the
plane of the ring. The ring was considered on the basis of deep
ring theory., The solution yielded the ring displacements and
stresses in terms of the interaction load coefficients. .

To compléte the solution of the ring-shell problem the
ring and shell solutions were matched leading to an infinite
number of sets of simultaneous equations. Each of these sets
contained two equations in two unknowns. From these the coeffi-
cients of the trigonometric interaction load series for the corres-

ponding harmonics were obtained.
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Since the stresses and displacements {n the ring and
shell were expressed as explicit functions of the interaction load
coefficients, the complete interaction problem could be consideréd
solved. |

The stregsés'and displacements were obtained for a
single set of parameters., It was found that in the neighborhood
of the ring the axial bending stresses due to the concentrated
loads weré high. These stresses were founa t§ be highest under
the load, loﬁest,approximately 45° from 'the load and reQersed
in sign 90° froh the load. For the barameters chosen, it was-
found that the length of shell which supports the load was approxi-
mately one fhird the radfué.,; | |

| The circumferential bending stress aué to the concentra-
ted loads was a;sd highest under the load, almbst zero 45° from
the load, and réversed in sign 90° from the load. The maximum cir-
cumferential bending stress was found to be almost one ihird the
maximum axizal bendihg stress., .. .

The coﬁclusions reached fo# the axial and circumférenf
tial bending stress in the shell due to the concentrated radiaf
loads also apply in the main to the reinforced shell subjected to

concentrated self-equilibrating moments,
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The maximum circumferential membrane stresses due to
both the concentrated loads and moments are highest under the
loads, very small 45° from the loads, and reversed in sign 90°

from the loads. These were found to be of the order of magnitude

. of the bending stresses.

The magnitude of the membrane shear stresses due to the
concentrated radial forces were found to be less than the normal

stresses, Under the load and 90° from the load these stresses,

‘because of symmetry, were identically zero. The shear stress due

to the concentrated moments beéoﬁes infinite under the ioad. This
occurs because thefe is a discontinuity in the circumferential
str?ss at this point. An infinite shear stress under the load

is required to maintain equilibrium of an element including the
external moment.

The agreement between the results obtained using the
Donnell shell equations, the Love-Reissner shell equations, and the
Flagge shell equations were excellent for all harmonics.

A second problem, similar to the one discussed above,
was initiated. Two finite circular cylindrical shells, one with
simply supported ends and the other with fixed ends, reinforced
at their midlength by a single unifozrm ripg subjected to a radial
force, a tangential force, and a concentrated moment all in the

plane of the ring were analyzed.
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The method of analysis here follows the proceduré ocut=
lined in the discussion of the previous problem, i.e., the infinite
shell. Numerical work is now being undertaken with respect to

this problem. An IBM 650 computer is being used to obtain results.

V. DYNAMICS OF PLASTIC SPHERICAL SHELLS [8]

Work also continued on the studies of the response of
shell structures to suddenly applied loads which exceed the load
corresponding to the yield strength ¢f the material. In this work
the material of the shell is assumed to obey Tresca's yield con-
dition and the astcocizted flow rule.

Some of the results obtained up to the present iime
appear in [8] where the behavior of complete spherical shells and
simply supported spherical caps under impulsive loading by a uni-
form external pressure is discussed. The pressures are assumed to
be greater than the static collapse pressures and to act for a
short period of time. The displacements of the shells are pre-

sented for particular values of the parameters of the problem.

\
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